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Mathematical Literature, 

Naturally rcrulting from the Confideration of an Equation, 
as reducible from its variable to its uhimaie State: 

Or, a DISCOVERY 

Of the true and genuine Foundation of what has hitherto miftakcnl7 
prevailed under the improper Names oi Fluxions and the Differential 
Calculus. 

By Means of which 

We now have that Apex of all Mathematical Science entirely refcued from 
the blind and ungeometrical Method of Dedudion, which it has hithtrrto 
laboured under -, and made to depend upon Principles as ftriftly demon- 
ftrablcy as the moft felf-cvidcnt Propoficion ig the firft Elements of 
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HE following Piece is an ExtroEfy from a defgnedly 
_ much larger Worky containing only fuch Mathematical 
■ Difco^erieSy. as I have good Reafon to believe can ho 

■^^ where elfe be met with. • jiiid as fucb I hope they will 
not be unacceptable to the Lear/ied, ^' • 

7be Invefisgation of the univerfal Theorems in the fecond and fourth 
SeSlions^ I take to be Difcoveries entirely new. And their Application 
(in the fifth and fixth Se£lions) for reverfing an infinite Series ^ and 
meafiiring the Arch of a Circle ^ is afuffictent Froof of their Excellence 
above any Invention ^ that I know of for the fame Furpofe. ^ 

What follows relates wholly to the DoStrine of Ultimators, which de^ 
pends uponfcarce any Thing elfe but a due Application of the Cypher o 
to the analogous Office in Univerfal ArithmetiCy which it is blways^ 
known to occupy in Common Arithmetic. As that Character is here 
difcovered to be of the fame Ufefor determining the Ratio of different 
Quantities to one another in their Ultimate State ^ which is made of 
it for ajjigning to 'each Figure its proper Place in abfolute Numbers. 
From whence will abundantly appear^ what good Reafons the faga-- 
cious * Author of the Analyff had to condemn the foregoing Methods 
for the fame Ends ^ how malapertly foever that Work has been ra-- 
tbir cavilled aty than judicioufiy anjwered by any.. 

It is here demonfiratedy that every Equation^ according to the Condi^ 
tions it includeSy has a certain Ultimate Limit, which its unknown 
S^antities can by no Means eithef exceed y crfallfi:>ort of A Property^ 
which {however heretofore unknown y or^ at leafty not fyfi^iently conji-- 
-' dered) is as ejjential to thoje ^antitiesy, while under fuch Conditions^ as. 
Extenfion or Divifibility itfef. And tie Determinant cf this Limit; 
which (till a more proper Name be found) I beg leave to call an Ulti- 

• # 

f -V ^^ Dr. Birkliyy Bifhop of Clrpn ia Inland. 
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mator, hthe very fame with nt/bat has beenjiileda Differential byfonie^ 
(i7id a Fluxion by others. Both which laji Terms wiii be difcoveredu 
be much about as^ exprejjive of the true Meaning of the Things as the 
Sctifid of a Trumpet wou'd be to convey the Idea of Scariet to a Man 
born blind. 

The Name Differential -f* taken in thisSenfe^ is proved to imply a fiat 
CohtradlElion j arid that of Fluxion the fame IVay applied ^ can pffiJbly 
have ffo Meaning at all. Fi?r pray what Kind of Meamng can it 
madB offuch unintelligible yangon as this^ 

" We are taught^ thattbo" Fluxions cannot be called Quantities the/n^ 
<< JeheSy yet they have the Ratio of ^antities. ^ndj becaufe it is im^ 
*^ prffible for any one to imderfland how Things can have the Ratio to 
** one another of ^antities^ without canfdcring thcfe Things at the 
^^ fame Time as ^antities tbemfehes^ and feme W4iy the SubjcBs of 
" Exfenfion and DivifibiJity i tb&efcre to make us imderfland this 
*' Ratio, // isfaidto be that of the firft nafcent Increments, or laft 
*^ evanelcent Decrements of a Quantity, That isy according to the 
" Explanation at the fame Time given of thcfe Terms ; It is the 
•' Ratio of an Increafe without any Increafe, or of a Decreafe with- 
*' cut a Decreafe 3 aixl all this performed in Time and no Time by 
^^ a Motion and no Motion.'* 

But the fuperlati'Vi Impropriety of the Word Fluxion, when applied 
to this Purpofe^ will fully appear ; when we come to co)fida\ that 
it is put to exprefs an Idea^ which arifes from the Contemplatiou 
of ^a7'ititi€s purely cs Quantities : that />, in the fame abJlraSi. 
Manner^ as they are the proper SubjeSi cf Algebra, exclufrve of 
every other Coff-deration ; /ind confequently have not the leaf Re^ 
gard to Time or Motion^ which are necefjarily implied in ^Fluxion. 
And the efjhuial Property cf a Fluxion is certainly excludedy after 
the mojl fingular Manner ^^ in the Idea of a . ^antity confidered at 
iis Kc plus ultr^ : that isy in other Terms, when it is in a Statc^ 
where all Poffibility of Juch imaginary Flux is takeu from it. Sol 
that' the Term Fluxion, when ufed. to this Purpcfe^ if it have aiiy. 
Meamng at all, is as contrary to the true, as Darkncfs is to Lights . 
.* Sucf> are the Alfurdities, which mufl neceffarily fcUcw from abr- 
furd Principles. And no better have been the Reafonings, of thofe^. 
who were otherwife the mofi intelligent Perfojis^ ^ben^ they, wou'd^ 
make us Uiulerfiand^ what they cannot underfiund the mfdves.w Fon 



t See Page 36, 31, 49' 
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jjuch I affirm tbefe Notkns of a Fluxion and a DifRrcttitial to be. 
things ^ which can poffibly have no Rxifience in Nature : Butfeem 
purely to havi been bnmgbt into the Imagination by a mixed MuU 
tij>lication of finite Quantities and Indivliibles together^ according 
to their fuppofed Generation of Magnitudes ; which accidentally threw 
the ingenious Inventor upon thofe Cmfequences^ that naturally fnv 
from the^ ReduBion of an Equation to its Ultimum : tfhile, it is- 
plain, he in the mean Time had Mt the leaji Sufpieion of the 
real Foundation, upon- which his 9Fmn SuperJiruSlare titu/i re/i. 

I am not unapprebenjivey what a Reception this Performance in 
bU Likelihood wtll meet with from fucb as • have been long wedded 
either Jo the Notion of Fluxions, or DifiSbreatials. It holds not 
only in Rekgion and Morality, but even in the Mathematicks them* 
fetves ; that when a Truth does not immediately appear^ tbo' it. be 
never Jo* demonjirable in itfelf\ yet^ if Mens Prejudices be fuchy 
as not to permit them to examine into the Grounds of it, they 
effeStuaUy preclude themfelves from all Means of being ever un^ 
deceived. 

■ How far the Force of Ufe and the Examples of great Autho* 
^ rity will go, the ingenious Mr. Hodgfon affords us a remarmble 

\ Injlarice in the IntroduBion to his Book of Fluxions, Page ii. 

where he fays : Whatever may have induced fome People to Inw- , 
gine, that Sir Ifaac Newtmy after having . revolved in . his Miai 
the Do<5trine of Fluxions for forty Years,, has not delivered hinv- 
felf fo clearly as he might have done, and have therefore endea- 
voured to explain it better \ for my Fart, I mi>ft confefs,. I can- 
not fee the lea ft Shadow of Reafbn iox iiich an Objedrion, and 
Attempt. Nor can I think there is^ any more Difficulty in con- 
ceiving or forming an adequate Notion of a nafceot or evanefcent 
Quantity, than there, is of a Mathematical Point;, which, tho* 
it be void of Magnhnde, is^ the Foundation,, or Root, from whence 
all Kind* of Magnitudes take their Rife. Now^ to infiance in 
the Generation of a Une by the Motion of^a Point ; this Gentle^ 
man gives us to smder/iand, that in that Cafe^ by a nafcent or 
evanefcent Qtiantity, he means only the Tendency of that Pmnt ta 
move indefinitely, fometimes according to one Dire£iion, a^d fime^ 
times according to another. This I allow is eafy enough to be con- 
ceived : B«* of what Ufe the unknown Manner of this Tendency 
♦ jV, to make jis apprehend any Thing elfe by it^ but Jlill a pure 
, Pointy I cannot conceive. Andy as to any Signification it can have 
for determining the Length of the Line thus gengrated^ he might as 

Will 
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nirll haw fubfiitnted in its Place^ the Tendency of the fame Point t$ 
produce fucb a Colour ^fucb a Sounds fucba Tafte^ orfucp a SmelL And 
the fame may be [aid concerning the Generation of a Superjicies by a Line^ 
or of a Solid by a Superficies : &^ Pages 33, 31, 35—50,^11^71, 
72 of the folhivirg Work. 

^ P^^fiJ^ ^yfilf ^^ ^^^^ ^^ ^^^ ^ Veneration as any Man for both the 
great Sir Ifaac Newton, and hisCotempcrary the celebrated Mr . Leilv 
nitz ; which foever of the two was thejirfi Inventor tf the Superfiruc^ 
ture already built upon this Foundation. But yet I hope Ifhallbe excufed 
\ in diffenting from the higheft human Authority^ where I have Demmflra^ 
\ tion on my Sidi^ and cmfequenily (which is the Cafe here) where that 
Authority mufl want it. 

In the Whole ^ the diligent Student ivill perceive a new and large Field . 
hid open for him to employ his Irrcentkn upon ; ic'hich^ I doubt not^ will 
in Time be carried forward^ {hf^^^ ^^ ^^^'^'^ ^^^^ Leifure and Ability 
than I have) to flill higher Improvements^ much beyond whatever has 
beef I heretofore known. And to excite bis Curiofty Iprefume 1 may with 
Truth ajjirm^ that {unlefsfome P erf on in the mean Time has made the 
fame Difcovery^ unknown to me*,) the learned World in general are yet 
as ignorant of ity as the Amecicans were at fifl how the Europeans 
cr.ii d convey their Thoughts to one another at a Diflance by Pieces of 
Paper. 

Whatever ImperfeSlion may be found through the Body of the Work^ I 

hope will be excufed^ net only upon Account of human Fallibility in its 

bejt Condition^ but alfo upon Account of my own uncommon Fmbarraff-- 

' mcnt^ during the whole Performance^ under an Accumulation of well 

' nigh ^11 thofe Difficulties together ^ which are the greatefl Difcourage- 

\ mait to Study. Difficulties^ whichj I am pretty fure^ were they perfeSlly 

: kiioicn^ wcu d make tt fcarce thought credible by thofe who are acquainted 

\ with this Kind of Study ; that a Work confifiing wholly offuch a Chairi 

i. \ff Inventions y entirely new to himfelf ccu'd ever be brought to the 

I Height it is here carried to ^ under Jo many Inconveniences. And yet ^ I 

; hope^ the Learner has enough to teach him bow to aifwfr every 

Thing anfw<:rablc, which occurs in any Writer upon Fluxions hitherto: 

Cnly with this Difference^that it is here done with v:uchfntre Certainty 

and Exatlnefs. 
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Errata with his Pen ; where note, that the ruaning 
Title is never taken as a Line ; and all fradlenal 
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AGE 6. line the laft but one, for 4"^^+^ write +r-f-s* P. 8. L 5, 

i>4-» — 3 n4-x — ^4 «. , , ^ 
— ^ ^x— ! -. P.O. 1. lalt 



^ n+x — 2 n+x — 3 

for^ — = X — • write 

Xsr— 2 n-^3. 



X — 2 



but one, affirmative. P. 10. 1. 9, write 



2n— 1 



• ibid L laft after 



infert ■ /" . P/ 1-3. 1. 3, for write ..and for 

5n 6n '^ ^' 2 4 * 




m— '3 . ni— 3 

i write ^. 

4 2 

^-f-d- 



a* - ^v 

P. r6, !• 13. for— write —^ 1. 14. for 



«^ 



I write v-f-2d— I. P. 17. 1. 8, write ~j , 1. laft^ 



ndxi;4"l^~"3' ^* ^^* '• ^* ^^ =^* ^"*® a*= j 1. 17, for -f-n 
write -f-^' P» 2 1 . 1. 4, for 4 — 2 write- 4 — o. E. 24. 1. laft, 14a** 
P. 25. 1. 2, ci=Z. P. 28. 1. iy\ for. 66 Write 56. P. 32. 1. 

4 write — 2** Pi 33. 1. 6, for x** write x^". P. .34, 1. 6* 

fbr 982, write 983. P. 36. affirmative. P; 41. \l 7.. for a 
write ^*. P. 43. K laft but three, for x? write z^i ibid. L 
laft but <Hie for dividing write Ti&m dividing. P. 44. 1. 14* for 



for 4y ^^^^ ^« P* 45'^^^' XXX, write x* x. P. 46. !• 25. 



— wiite — \ ibid \. 18, write Multiply ; ibid H laft^ but' one,. 



fer X' 



— • 



c". p. 47. 1. 10, 1 J, 12, for z» writ 7? , P.4S. 
2 P. 56. 



E' R R A T • A, 



K 10. for Laws^ write necej[ary Laws. P. 4> 1. 29, for right 
write a. P. 51, 1. 1. io> for 2rr* write 2rv^ P. 52. 1. 2; for 
s write Sj 1. 7. for 1652 write 11J2. P. 53. 1. 18, write 



ss< 



CC— 8S* 



• ; ibid. 1. laft but onfe, for s s^ 1;^ 1;% write s^ ^ + -u^ v"". 



cc 



- v^ ^\ P. $^. K 14, write cc — ss*. 



P* 54. L I, write - 

CO- 

P^ 56. \. II,. write ^. P. S7^^^ ^4> ^ot s*'e write s^'se. P. 58. 1 7. 



write 6 b'i;*v?j h 8- write 






7-; I. laft but one, write 



^^^ ; 1. laft write b+pxp^ P. 59- 1. 6. for ii isj^/*^- 3^^^-^ 

write^ a*^ is j !• 2i, for an>^-"S write na»— » j 1. 22, for 




I xn — 2 write nxiv-!-i xn— 2 ; L 24, for a* a^ write a*** 

a*'''; L laft but one for c^"", write a^"". P. 62. 1. 15, foryy^ 
write y® y*', P. 63. 1. 5^ for t*® write u® ; ibid. 1. 10, for y* 

or Or> • 

y*, writey*y^5 1. iii dtle — cyy* $ 1. 13, forc^ write c*. 
F. 64. 1. laft bm three, after that JraBimd Expr^Jfion for. 



^1 



write sso, or a. P. 65. L 1, for MC^v^^+sV* === q, write 
i 

MC=— -2— ;— =»q. P. 6S. !• 9^, for 2cv— -t;v% write 

2^011-— w# P# 73^ L 1, write 20*5 I. t, write 3«7;8 j L'-3.. 

li 
writc-i— -•' J 1. 4, write 35816, and 622 59a i P. 75. 1. 10^. 

• I DC ■ > T ..■■.•, . 

Ibr ^ft y^Hat th€W\ iot their wrjte tbefei 1. i6,, % - jwrji^ 
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ERR AT A. 



?. P. 76. dele 3'. P. 80. L 4, write Mxed, P. 82. 1. laft 

for x-f-s write xl+s. P. 85. 1. 2, for b q, write bp; 
1. laft but five vfxlxt Jixed^ and si for s. P. 88. 1. 13, for 
5X* write 5 X*, P. 92, 1. 2, for u* write v^ ; L 7, for 

V»", write V* ; 1. 8, write — h t ^' ^^^ ^^* ^'^^^ ^^ 1277252a 

3 

write 12779520. P. 102. 1; I. write |b 6* — s*x ; , P: 105, 

b— s'*' 

1. laft but five write — r. P. lO/O. 1. 10. before 4?/* write. /5 

/5 the XJltimator y^ /^ /i&^ Vltimator ^xn*4-y** 5 laft butthree^ 

for 57 write. 5 y. P. 112. write y = KA=. P. 120. \. laft 
but five, for AC — AC, write VC— AC. P. 129, L laft 
but two, for — write 3=. 
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AC OU I S I TION 



T O 



Mathematical Literature. 



S E C T^ I. 

Some necejfary Premonitions from common Algebra. 



HEN any Number of Coefficients is taken at one 
Coefficient; if the iirft be a Negative, then hj 
changing all the Signa of the following Ones the 
Whole may be reprefented as a negative Quantity. 
Thus, *— ioa-|-i7a— 3 a is the fame with --^ 

m-~n 




So — g— is the fame with 



. For 



|io — i74-3xa=4a, 

to take away a Negative is the fame with adding an Affir- 
mative. 

II. Multiplication or Divifion, by the fame Letters, is per- 
formed by adding or fubtra^ing their Exponents refpedlivcly." 
52 5+2 7 a* 5—^ 3 . a* 2—5 —3 



Thus a X a 



' ol 



:a, and 



a 



9* 



• a "—3 — « a* 

alfp g[i=a. =a > and — 

B 



a 



I. 



III. To 



t FrememtMfft from Common Algthr^i^ Sect. I.. 

III. To divide aqgr Qjiantity a^ by another Quantity c^ is all 
Dne i$ to imddply the iaine Quantity a By — ; and to mul- 
tiply any Quality a by another Quantity c is alt one as to di-- 



n^ide the fame Quantity a by «*-• That is - 
ftsssac. . 



ax-^, and 
c 







IV. Any two Quantities with diffirrent fi^fUonal Exponents^ 
Hiay be inade to have the fame Exponent^ by bringing their 
Exponents to have the fame Denominator, and then raiiihg each 
Quantity to the Power, which the Numerator of its new- 
Exponent fhall diredt. And' fuch Quantities, as are thus brought 
to nave the fame Exponent, may have their Products and Qik).^ 
tients expceiied with that Exj^onent common to bbth. Thus,. 

a xa =ra* c* , and a*/ a^ c* =a J a* c* = 

= c =sc'. So a xc* = aac *, a/aac*' 
= a*c«^, anda^)a*c^ *' =c% &c. 



a* xc 



fta a 



')■ 



aaa cccc 



Soa*xc' 



v.. Wke« tliere^e the Root of a whoW Mnkiple cannot be 
had; the Root of fbvac Submuhiple of it perhaps may. Thu»^ 



a.abc ' 



axbc . So ^ * 

X25X3 



^ 36 X 7s f_^ 
«* 98 1-4 



75 

$8 98 I 49 X 2 

^ — ^x6 . Saaaaz* 
7 



= 4*x3 * =4x3*. So 6 X 



49><+ 



7x2 



a aa a 2 



ax£ 
a 



So 16 a* 



f* 



4-«a»b =8a»x2a4-b ssr 2 a x^a a -|- b ' , &c. And 
whenever two oc more Inationals can by thefe Means be brought 
to the £une Q^ntity^ under the fame Exponent they may be 



added 






16 x 3 4-25x3 



a- 



4*3 +5>'3 =*9>*3 • S017S 



28 



25x7 



4^*7 



Sect. L Pnmmtsofu fromcoamon Alg/iht^, 



Z 



4x7 



3x7. Sa 135 — >40 ss:27x5 —8x5 



t 
'ft 



!5 . &c^ 



Vh When a Divifor rannot be had exaftiy in a Dividend 
the Quotient will be exprefied by aA iniimte Series^ as in tbo 
two lowing Examples: 



.+«>(i-^+^ 



* a 



ce 

a 

cc ce* 



+ 



a' 






^^ 



*^'a'^^ a*' 



ce 
a 



I 



fSc, 



)A: , oe , ce' , ce*' , « , 



ce 



* a 

* a 



cc^ 

a» 



+ 



ce' 

a"' 
ce* 



ce» 
a"« 



, ce* -, , 



Therefore the Quptient arifing from the ' Divifion of any Qiwn- 

c 
tiiy c by the Divifor a±e is equal to — multiplying the whole 

c e* e* c* e^ e^ 

Scriesi:Fl+l-T^+^T^+^+ &c. 
a ' a* a* ' a* a* ' a* 



Ba 



VII. And 



■■4 



Premomtionf froMixmiam Alg<^xau Sect. f. 

VIL And fpck RaofK* are mbkrpUed and divided as fellows : 

ft - 

^-^ 2a 8a.' i6a* jzHa^ 256a* 1024a'" 



♦ c^ 5c' 70*^^ gie 



r » 



^ 2a Ka' loa^ i28a^ 256a' 1024a" 



^»_c^_c^ e^ 5c^ yty 21c'* 

2 8a* i6a* 128a* 256a* 1024a' • •^ 

2"'"4a**^i6a*'^32a^"*"256a''^ 5i2a'^"^ 
e* ' c* c*" c' ** cc' * • 



8a* "^ i6a* '•64a* * i2ba'^. 1024a 



fr;r6 + rr<7ri+ 177177+ ^^- 



«p 



i6a* ■ 32a* * 128a* ' 256a 

2IC."* 

1024a'** * 



N. 



JFrtdtMz^^'^e^r ♦ ♦ 



Dhifor 
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5 



O 



I + + 



I 



o 



1^ 

€8 



10 



!» « ^ « 



+ 



P 

+ 



% 









p 



Os> 



Cn 






+ 

• 






l 

0\j M 



OCl M 

p 



lO 



»d 






p 



I I 



? 



% 



+ I 



4- 



+ -h 



I 



P 






? 



4- 

+ 

o 

p^ 

+ 



•>■•!» 
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mmt^ 



SECT. IL 

0/ R E M O V E $• 



E^ V E R Y Rank or Scries of Tcnns, proceeding by the 
J continual Additioa or Subtradion of the fame commoa 
Differences may be called a Series of the firfl Remove ; for the 
Sum of every Niimber of which putting A^ it will form a Series 
©f the fccond Remove i for the Sum of every Number of which 
cutting £, it will form a Series of the third Remove ; for the 
lum of every Nupober of which putting C, it will form a Series 
of the fourth Remove ; fqit die Sum of every Number of which 
putting jDp it will form a Series of the fifth Remove ; and fb 
on to £ for the iixth Remove ; F for the feventh, &c. For 
Example, fiippoiie ^:^n t!ie Number of Terms, A= the le:^ 
Term, ^= the greatefl, and di=z the common Difference : Theo^ 
if we proceed by a continual Addition &om / the firft Term. 

The direct Scale or Aicent is . 



1, 1+d. l+2d, I 

1, al+d, 3l-f3d, •4J 

If 3'+d> 61+4^ JO* 

1, 414-d, lol+fd, 20I- 



3^* !+*d == g 
6d, 5I4- 1 od = ^ 

lod, r5l4-2od = B 
'5^ 351+35^=^ 



In which Scale it will be found, that whenever n be (if we 
put / = the Coefficient df 1/ in yf, y= the Coefficient of J 
in 5, r =:= die Coefficient of J in C, i = that of ^ in D, t 
= that of J in £, &c,) we have in every Numb er of Terms 

tinivcrfally / + nd — d=g, nl4 -p<^=^> n-f pxl+qd= rg; 
iTfpHRxl-f rd===C, n+p4-q+r\l+sd=A n+p+q+r-fixl+ 
td= E, &c. Whence /=:g— nd-f-d. 

If 



SEGt. n. 0/ R E MO V fe 5^ 7 

If therefore we proceed again hy a continual Addition fi-onx 
l^-^-nd-f-dsssl. 

The retrogade Scale la,. 



g-Hid-f d^ ^ nd-J-ad, g — bd-^- 3d^ g — nd-|- 4d, 

g— . nd4- 5d==g 
g_nd-fd, 2g— 2nd+3d,- 3g— 3nd4- 6d, 4g— 4nd4-iod,. 

5g— 5nd+i5^=^ 
g — ^nd-f-d, 3g — 3nd+4d, 6g— 6nd-|-rod, log — iond-|-2od,. 

i5g — i5nd-|-35d=jB 
g— nd-|-d, 4g— 4nd-f5d, log — icnd47i5d, aog— aond-f 35^ 

35g— 3Sncl+7od=C 

In which Scale it wift alfb appear, whatever n be, that the Co«^ 
efficient of g in each Series, is refpeAively the fame with that of 
/ in ^ lbrn>er Scale. Alfa the Coefficient of 1^ in the 
firft Series, is *--»n-}-n=o. The Coefficient of d in ^ is 

-*'nn-{-n-{-p=5i?^p ; Wheiice pra — — ^xxi^ The Coefficient of d 



in J5 is — nxn-t-p +^'f'PHrq = — ^<i i whence q=i xnx- 

■■ The Coefficient of d in C is— nxn-|7p4*q+n-f-p-i-<l-hp 

s= — 3^} whence r= xnx ' x—^ — . And by tfauspro-* 

4 ^3 

,. t ^ n — 1 n+i n-f-a n4-3 ^ n — i 

eeeding wc have $= xnx — = — x— ^ — x-* — ^ t= — 2 — x. 

^ ,5234^ 6 

n4-i n4-2 n4-3 n4-4 r» a j • m ^^^ -. nr 
nx — 1— X— ^ — X— ^-^x '^> Sfc. And univcrially putung Nsssr. 

^ 3 4 S ^ • 

die Coefficient and x=: the Number of the Remove, we have 

nT o— * n4-XT— 2 n+x — 3 n+x — 4, n-fx — 5 r^ ^-n ju 
^aas^^-^— x ^ '' ■ x~I £x "J- ■■" x^ ^, Ore* tdl the: 

X X — I X— 2^ X — 3 X — 4. 

Divifor becomes x — x=o j and conifequently that Fa< 9ror with all 
die following ones are rejected. Hence ^=:nl+pd=2l-}rhd— d x^ 

-f, JBs2=n4-pxl-|:<ld=3l-|-nd— dx- ^~^, Cscn+p+qxl+^dcrs: 

ft ^3- 

4^ 
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4l-f nd— dx-x ^^-^ x^^^^L-, &c. Or anivcrfally potttog ^for yf, 
Bp C, D, fifr. and jc equal to the Number of the Remove j we 

^^ X X— J X — 2 X — 3 X — ^4 

till the Divifor becomes x— xc=o. THEOREM I. 

__ ./., . ^1. n-l-x — I n-t-x — 2 n+x — 2 n+x — i^ 
Hence if /=a=i, we nave —J y.-^ x— i— — ^x— ' • 

X— 4 ^ 



X — z X— 3 



d !■ 



SECT. ID" 
0/" /Ae Compofition tfW Refolution ^ Powers, 

IF it be required to raife the Binomial c+a to its univer&l n 
Power, by a continual Multiplycation of c-^a by it felf, we 

have, 

■ 

c4-a =c + a 



2 



€ + a i=:c*i2c a-}-, a* 



C±a i=:c'+3c*a-f3c z*;t 



4 



cjt* =ic*i4c'a-|-6c* a*i4c a'-f- a* 



c + a aB=c'+5c*a-|-ioc'a*;i:ioc*a'+5ca*4:a% &c^ 



Whence h appears^ that the Unciie (or numeral Coefficients) 
tif all the fecond Terms arc a Series of natural Numbers, i, 
2j 3> 4i 5> ^^» whofe Number of Terms and laft Terms are 
each equal to n, the Exponent of the Power. The Uncia of each 
third Term is a Number j[ of the fecond Remove raifed from 

tht 
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the feme Scries, till the Number of Terms be n— i (whence A 

— nx-^^— ^"i : Of the fourth Term, a Number B of the third 

2 / 

Remove raifed from the fame, till the Number of Terms be 
n — 2 (whence jB=nx— ^^x ): Of the fifth Term, a Num- 
ber C of the fourth Remove raifed from the fame, till the 
Number of Terms be n — 3 (whence C=nx x x -j : 

Of the fixth Term, a Number D of the fifth Remove raifed 

from the fame, till the Number of Terms be n — ^4 (whence 

-^ n — I n — 2 n— 3 n — ^4\ ^ 

jDssnx X- X ^x — 7-^): &c* 

2 3 4 5 J 

r^ r ^1 /-r n-— I n— 2 H— -I n— 4 

Confequently (if p=— ^, q=— J-* ^="^* s=:— — x, 
1 = — 7-^, &c.) we have c + a =c ^nc a-j xnc 

■ 

a*i npc a»-J— - — ^npqc a*± xnpqrc ^ a* 4" 

3 4 5 

—I I *-« I —3 I V n 

&c. Or (becaufe c =— , c =— > c =— , &c. ) c+a 

s=c* multiplying the Series i±n — ^ ^"T i ~~ " P'~r "J" 

c 2 c 3 ^ • 



4 * *c*- 5 

n n 4 n— I a* 



c^a =c multiplying the Series i^nx — ^-nx ><— r±'^'< 

n — I n — 2 a' , n — i n — 2 n — 5 a* . n — i n — 2 

X X— +nx X X =x— +nx x 

2 3 c'* 2 3 4 c*-*" 2 3 

n — 3 n — 4 a^ n — i n— 2 n — ^3 n — ^4 n — 5 a* 



X 



4 
Theorem II. 



— X— +nx X X ' X ^x — 7-^x--; + &c, 

5 c*' 2 34 5 6c^~ 



Which Theorcgi, when n is a finite Number (whether integer 
or firafted, aflinnj)five or negative) may fcrve for railing all Powers, 
and extradtmg all Roots univerfally. 



If 



lo Refolution of Powers. Sect. Ill, 

If we fubftitute — n for n (whence c becomes c ox —^ \ 



»ii 



wc have c 4: a or n = —7 multiplying the Series i ^n 

c±a ^^ 

^ a , n+i a' _ n+i n+2 a» , n — i n4-2 n4-3 

X — hnx — — x-^-H-nx — = — x— ^ — x— r+nx x — - — x — ^-=^ 

c' 2c* 2 3c*' 2 3 4 

a* _ n+i n4-2 n-l-^ nH-4 a* , n4-i n4-2 n4-3 
X — -Fnx — ' — X — i— X — Lj2x — LZx— -4-nx — • — x— ^ — x— ^-^x 
c* 2 345 c» ^23 4 

n4-4 n+5 a^ ft r« »,♦ 

— '-^x — z^x--7, &c. Theorem III. 
5 6 c*' 

If we fubftitute in the fame fecond Theorem — for n, z for 

n 

a^ and c for c there ( whence c muft be put for c there^ c 

3 4a 4 ^ 

for c , c for c , &c.) We have c"±z" = c multiplying the 

- ^ . . 1 ^ I n — I %\ I n — I 2n — j z' 

the Series i±-x- x x— ^ ± -x x x— — 

n c n 2n c**^ n 2n 3n c^" 

1 n— I an — i 3n — i z* i n-?— i 2n — i 3n— i 4h'^i 

*— x- X X >^""Tr4:— X X X X - 

n 2n . 3n 4n c^ n 2n 3n 4n fn 

z* I n — I 2n — I 3n— a 4n — i 5n — i 7.^ 
x-7r— — X X X — ^ — 5x' X— - — X — r +> &c. 

- c^ n 2n 3n 4n jn 6n c^^"" 

Theorem IV, 

So by the fame Procedure, if we fubftitute — — for n there^ 

n 

— L- 1 

wc have c^+z ^^ ^ =— multiplying the Series i + 

c"'±z ^ 

I z . I n4-i z- _ I n4-i sn+i z' , i n+i 2n4-r 

— x— -4 — X— ^— X — -Fx— X — ^x — —"K — r.rr~>^ — ^>^ — ^^ 
n c" ' n 2n cn2 n 2n 3n c'"^' n 2n 2n 

3n-f.i z* _i n4-i 2n4-i Sn+i 4n+i z* , i n+i 
— ^ — X— r."r— X — ^— X — ^ x^ — ~x ' X— -rH x — ^— x 

- 4n c** n 2n 3n 4n jn c*" ' n 2n 

.vtjM 2n4-i 3n+i 4n4-i, z^ — » _ ,. 

^ /L -~---x^2_i- x^^--J-- X— T^: T &c. Theorem V^ 

^^ 3n 4n 5n A c^! 

SECT. 



Sect; IV. 



Tie Reciprocation of 



It 



SECT. IV. 
Of the Reciprocation of Powers with their Roots, 



I 



T appears from the fecond and fourth Theorems above ; that 

— — n n .._ i 

ifc±a =c ±z, and confequently ci:a=:c"Jt25° 5 we have 

c"i^ equal to the Series of the former Theorem, and c+a e- 

qual to the Series of the latter Theorem. Therefore by taking 

away c' from both Sides of the former Equation, and c from 

both Sides of the latter ; we have z equal to c* multiplying 

. « . a . n — I a* . n — i n — 2 a* . n — i 

the Series nx — hnx 

c — 



•X— — l-nx 
2 c* ' 



X— J-nx" 

3 c' -^ z 



n — 2 n— -1 
x X 



a* n- 



X— +nx 



4 
-I 



a* , n- 

X -r +nx — 

n — 2 n- 

X X — 



I n — 2 n- 

- X X ' 



■3 V ^~4 

— X ■ 



•3 n — ^ 

— X X 



4 5 

n--5 »! 

^6 



3456 

I Z I 

-j- &c. and a equal to c multiplying the Series — x — ^ — x 
n- 



-I z* ,1 n — I in- 

X— — -i X X 

2n c*" * n 2n 



2* , I n- 
f-x 



Z^ 



X— rt+— X— 



jn . 



I 2n — I 3n- 
- X X — 



,40 



n 2n 



I 2n — I 3n — I An- 
X x^2 , x- 



31^ 



4n 



3n— I 4n— I 5n- 



5^ 



n 2n r 3n 
I 55^ -pi n — I 



4^ 

2n — I 

X x 

3« 



I z 

-x^--g^4"&^* ConfeSlary, i. Which gives a 



411 ^t\ 6n c 
Solntion to all Equations of the following Scale. 



c' 


'a' 






2C 


■a± 




a» 


3c' 


'a± 


3c 


a'+ 



4c'ai 6c*a*4" 4c a'± a* ==z 

5c*a±ioc'a*-|-ioc*a'4:5ca*+a'=z, &c. 

C 3 



this 



1 2 Powers with their Roots Sect. IV. 

This Scale you fee is the very fame with that of the Com- 
pofition of Powers in the foregoing Sedtion. And the two Equa- 
tions of this ConclufiOn between the Power and its Root, I con- 
ceive may be properly enough named their Reciprocation. In 
which the former Series may be diftinguiflied by calling it the 
Compnjiticn of a the Quantity fought, or Refolutum of z the Quan- 
tity given ; and the latter Series, by calling it the Refolutum of 
a the Quantity fought, or Compojitum of z the Quantity given. 

Now if we omit every other (or d) Term in ever other (or d) 
Equation of the laft Scale, and raife the Uncia from the Series 
i> 3> 5» 7» 9 "> ^^^ (or ^, 'y+d, i;+2d, v^-^A, i;-f-4d, -y+jd, 
&c.) obfcrving that every Power of a muft have its Uncia^ a 
Number of the fame Remove with its Exponent ; we fhall have the 
Scale for a fecond Confe^ry. 

c'^a' s=z 

3c* a;t ^' =^ 

5c* a4: 5c*a'-f- a^ =:z 

7c* a±i4c*a'-t- 7c*a*± a^ =:z 

pc* aj^3oc*a^-f-27c*a*± 9c*a^4" ^* =^ 

iic***aHt:55c*a*-|-77c*a*i44c*a^-|-iic*a^J;a"''=z, &c. 

Put m= the Number, inchifively of the Equation from the 
iirft Equation c"" a' = z, and n = the highefl Exponent of a 
in the Equation whofe Number is m : Whence (Scdt. II.) n = 
i-^-2m — 2 (or v-}-md— d) =2m — i. Then in the Series of 
the fecond Sedtion equal to Q, by fubilituting fucceflively, i, 3, 
5, 7, 9, II, &c. (or V, v+d, -i;+2d, v+3d, v+4d, -w+sd, 
&c.) for xi and refpedlively m, m — i, m — 2, m — 3, m — /^^ 
m — 5, &c. for the n there, making i=l there, we have 2= 

to the Omfofitum made up^of c* multiplying the Series 2 m— i x 

a 
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a , 2m — 1 m a' , 2m — i m+i ni m — i ■ a* 

— ± X— xm — IX— H X — ^— X— X X m — 2 x— 

a-^32 c*'5 432 c* 

, 2m — I m+2 m+i m m — i m — 2 ^ a^ , 2m — i 

7 6 543 ^ •>c7»9 
,m+7 m+2 m+i m m — i m — 2 m — % a* 

X — 5— X X — 2 — X ~^ X X — TT^y^ m — A. X — -f- 

8765^3^ ^ c'^ 

2m — I m-4-4 m+3 m+2 m+i m m — i m — 2 m — 3 

* X ■ X ^X 5 — X ' — X-T-X X X 5? X 

II 10 9 8 76543 

rn I -I , a* * 

- X m — 5X ,,+ &c, Butn=:2m — i (=v+md — d)) whence m 

=:■ ( =-^^^^^^^ y Confequently z=c" multiplying the Series 

a , a— -I n+i a* , n — r n+i n — 3 n+^ a* 

nx — hnx X — 7— X— +nx x — ~x — 5-^x — *-^x — f-n 

c^ — 4 6 C ' 4 6 8 10 c*-^ 

n — I n+i n — 3 n+3 n — c n+c a^ , n — i n+t 

x X-+-X— 3-^x — =-^x 2x— 2^x— +nx X T -- 

4 6 8 10 12 14 c^ ' 4 6 

^ — 3 ^+3 ^ — 5 ^+? ^ — 7 1^+7 a' . n — i n+i 

X— 3-^x — !-^x ^x — ^-^x — 2-^x — W^x— ±nx X— I--X 

8 10 12 14 ID 18 c*-*" 4 6 

n — 3 n+3 n — 5 n+c n — y n+7 n — o n+o a' * ^ 

— TT^X — I-^x =^x — !-^x — T^X — ^x ^x — L-Zx— 7+&C. 

8 10 12 14 16 18 20 22 c** * * 

And (by fubftituting — for n^ z for a, and c" for c^ as before) we 

have the Refolutum as= — multiplying the^ Series — + ^ a* ' ^ 

2' , n — I n+i 3n — i 3n+i z» _n — i n+ix3n— i 

c»" ' 4n on 8n ion c** . 4n 6n 8n 

3n+i^5r4— I 5n+i g^ , n-^i n+i 3n^i 3n+i rn — ^i 

x^^ — • — ^- x=^ — • — X— r:H X— r' — x^^-^ — x^ — ' — x^ . 

ion I2n i4n c^* 4n on on ion i2n 

cn+i 7n— I 7n+i z^ -^ n— i n+i 3n— i 3n+i cn— i 

X^ ! — y / x^ ^>^— ^+ X-7-^ X^^-o X'^ ^— X^^ X 

i4n ion 18 c'' 4n on 8n ion 1211 
• 5n+i 7n~i yn+i pn-i pn+i z' \ ConreSf^r^ '^ 

Which gives a Solution to all Equations of the laft Scale. ^ 

And 



* The Leamer may^ if be pUafcs^ omit what follows in this Se&i§n \ gs hw^ 
ff n$ Neujpty for under/landing tbt main difign in Sect. VII, ^c» 
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And univcrfally , if v = i , and nr=i-f-ind~«d^ whence 
= ' > ^ we have z equal to the Compofitum made up of 



m- ^ 



a^ i-j-md — d m-f-d — 2 



c* multiply mg the Scries i+md— dx — ± ~ , — x 'T 
fl^+d— 3 m +d— 4 m+d— 5 a'-H i+md-<i m+ad— 3 

* ' t X — J X J etc. X -^ , I , J X J 

d — I d— 2 d — 3 c»+<» * I -fad ad 

m-j-ad— 4 m-j-ad — f; m-j-ad— 6 ^ a^+^ i-}-md — d 

ad — I ad — 2 ad — 3 ' c»+^^— i-|-3d 

m+3d— 4 P^+Sd-i ^ m+3d-6 ^ m+3d-7 ^^ ^ a'+3<i 

3(1 3d— I 3d— 2 3d— 3 " C»+3<i ~ 

i+tnd-d ^ m+4d— 5 ^ m+4d-6 ^ m+4d-7 ^ro+4d— 8 ^^^ ^ 
i4-4d 4d 4d— I 4d— 2 4^—3 

~-^ 4- &c. Or reftorine - 'T^ - for ro, we have z equal to the 

€«+4^-^ . • ^ d 

a n 

Compofitum made up erf" ^ nuiltiplyiog the Scries n x —^ , . 

n-fdd— I— d n-|-dd— i^2d n-j-dd— i— 3d p+dd—i— 4d ^^ 

"" 33 '^ 3d=5 "" — dd-2d ^ dd-3d "*^- '^ 

a'-M , n n-f-zdd — i — 2d n+^dd— 7I — 3d n-{-2dd— i — 4d 

i?+5"'" rfld^ add ^ 2dd— d '^ 2dd— 2d '^ 

n+2dd-i-5d aH^^ _n_ n+3dd-i-3d 

"■ 2dd-3d ^^' ^ c'+'d 31 ,_|.3d ^ 3dd 

n4-3dd-i— 4d n+3dd— I— 5d n4-3dd-i-6d a^+J,^ 

' 3dd-.d ' ^ 3dd-.24 '3dd— 3<i ■ '"a'+SJi"^ 

n n+Add — i — Ad n4-4dd — i — cd n+Add — i — 6d 
-— r o< "-^-^ — ,-i ■ • X — '-^ -, , - ,— — X -■ ' , ; X 



i-|-4d -4dd 4dd— d 4dd — 2d 

n- -4.dd— i^^^d a'*!"^*^ i 

4dd^3 d'^ :&c. X ^qp;j3 ± &c. Confequently (putting - for n, 

z for a, and c* for c, as before) we have the Re fdutum a = 

X «^. 1 • ^ *u o • ^ -7- ^ I +n xdd— ^— nd ** 

— multiplying the Series — + — r—. x — i- tt x 

;a ^^ ^ c* i-f-d ndd 

2 i4"nxdd — I — and i -{-nxdd — i — gnd i-|-nxdd — i — ^4nd 

nxdd — d nxdd — ad nxdd — 3d 
z'+<^ I i-j-nxadd — i — and i-j-nxadd — i — 3nd 

-y- ■ L X ■ ■ ■ X — - ^^ X 



■*' i -'» 



cnxi-fu i-^ad 2ndd nx2dd— d 
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i-|-nx2dd; — I— 4nd i 4"nx2dd — i — 5nd 2^+^<^ _ i 



nx2dd — 2d nx2dd — 3d ' cnxT+SJ i4-3d 

'^^^■■^^^^^^^^V ^■^^■■■■^IMB^B^ ^BMBB^^IM^B^B^^ 

i+nx3dd— I — 3nd i4-nx3dd — i— 4nd i+nx3dd — i-r-cnd 

, y^ ■ ■■■■ , Y^ " > I II ■■ ^ 

3ndd nx3dd — d nx3da — 2d 

i+nx3dd — I — 6nd 2 '+3 ^ i - i-|-nx4dd — i — And 

■ — — &c. x — —r-j, + "T — :>^ ■ ■ ■ 

nx3dd — 3d c»><'+3<i i+4d 4ndd 



i+nx4dd — I — end i+nx4dd — i---6nd i4-nx4dd — i — 7nil 

X === X ■ ^ ■ ^' ■ 

nx4dd— d nx4dd — 2d nx4dd — 3d 

&c. X " '—::— T &c. - Theorem VI. 

Which by making i/s= 3 gives ^==!C' 'multiplying the Seriet 

a , nr-^i n-f-2 n^s z^ . ^—4 n — i »4-2 n+c 

n X — 4-nx — 7— x x ^^x— +nx — t-^x x x- ' ^^ 

c^ 6 9 12 c* 6 9 12 15 

n+8 n+ii a^ n1."~^ ^"^^ x "'^^ c "^^ ^ ^^^.r ^^^ 
18 21 c'— 6 9 12 15 i8 21 



X . ^ ' — t- n X ^ X ' X X "■ ' « X 



24 27 30 c'* 6 ' .9 12 15 18 

X il±ixi^^??±nxfH:^ ±(S>,. 

21 24 27 30 33 36 39 c"' ^ 

and a = - multiplying the Scries— T -7 — x — ^ x *^ ■ x U 

n rj a ^n On 9n i2n c*' "^ 

4n-^i^ Tj — r 2n4-i 5n-4"i ^ 8n-f-i ^ nn-|^i z^ -r7^ — ^ 4n— 1 

7\' 



i^— *■ 



I T) — r 2n+i cn+i Sn+i iin-^-i z^ _ 

-X-: X =— X^ — X Jt" X = — x-r- + 

9n i2n i5n 18 2in c^"* 



6n 9n i2n i^ii 18 2in c^"* 6n gn 
^2n+i^^5n^i^ 8n+i ^ irn+r ^ j4n+i ^ i7n+i ^z'^ 



I2n I5n i8n 2 in 24n 27n 3on c 
jon — I 7n — I 4n— I n — i 2n-f-i ^n-l-i 8n4-i iin+i 

X^ X X 'X X ■ X ■■ X X 

6n 9n lan i5n i8n 2 in 24n 27n 

3on 33n 36n 39n c*'" ' j^ ^ 

Which gives a Solution to the following Scale* 



0^1 



ca 



1 6 Powers whb their Roits. Sect. IIL 



^t 



c' a 






>IO 



Again^ to make the Reciprocation yet snore univerfal^ let a', 

c= a*^ ; whence (by the Second Sedtion) n^s^V'\'md'-^d^zxiA 

^ \ d u 
m =s — L— — . Then in the Value of ^ in that Sedlion, by 

fttbftituting fucceflively v, v^d^ v-j-2i, v-|-3^, v-}"4^> ^'^^ ^^^ 
X, and rcTpcftively /?/, w— i, m — 2, iz^ — 3, m — 4, fisfr. for the u 

there ; we have 2;^ equal to the Compofitum made up of c mul- 

^. , . , ^ . v4-md — d m^\-v — 2 m^-v — 3 m4^ — 4. 
tiplymg the Series — • x — ! x — ^x— ! -^ x 

r-^ v-f-tf v-|-rf — I v-|-</ — 2 «+<^ — 3 

<yH'< ^ V-f~^ — ^ /«-f-V-|-2</ — ^4 W-|-V-|--2<^ — r W-j-V-j-^J!— 6 

we havez to the Compofitum mide up of c multiplying the 

^■^i^MM^HaaM^v ^^K^^mm^^^^^^ mm^i^^ma^m^mm^^ 

QArUc^ ^-^dxv — I — V n+^xi; — 2 — 1; »+//xi; — ^ — v -,. 

feerics J- X ' : ■ I X - T ^ — x ' == — &c. x 

V dxv — I dxv — 2 dy.v — 3 



^ct; IV. Powers with tldr Roots. vj 



^9 n .' n-|-dxi;-|-cl — 2—^ n4Hlxa;*^d — 3— w 



i>-4-dx^4"d — 4*^-*^ A* 5-il V " n*4-dyi;4*^d — 1 

ii4-d xv-f-^d — ^4—^ fi-4-dx^4-2d — r— ^ a*H-*<* ' n 
— *-^ -^ X . ■ ' ''' &^. X i 



dxi;-j|-2d— 2 dxv-^-^d— 3 c^*^ nj^xd 



' n4-dx^4 " 3 ^ — ^4 — ^ n4-dx^4- :}A — ;— < y n-|-dxi;+3d — 6 — v 
dxv^-S^-— i dxv-|-3d— ^ dx'y4-3d— 3 

*x —7— 4- ^^* Canfcqucady (if we fiiihftitute - for 11, and - — 

for — , as before) we have ihc Rffolutum a^ equil to - maltfplY« 
c . • fl * 



I I +nxdai— <v— d I +n xdv— ^i^— 2d 

_ X -^ — , ■ " X — • ==r— 

V . ndx^;— I . ndx'z>^2 



i-f-nxdv-^-y— a-3d ^ ^ — . l i+ndx^ + d-— ji x v4-2d 

xidxi>— 3 cnv *z?-j-d ndxi;4"d*'**i 

. i4-ndxv4-4----^12^'4i2i, i+^^'y+d— nx*i;+4d ^. z'j^hI 



odxv-j-d-~2 ndx^4"d*~3 ' ,c^xv+d 



1 1 4-ndx^4'^d — ^nxi;4"3<^ ^^^f^ndx^^^^^2d — ^nx^-f'^^ 
vJ^za ndxa;4-2d— 1 ndxv+zd— -2 

i+ndxi;+2d— nxt;-j-5d ^^ zW-^* _ r 



ndxv-|-3d— 1 ndxv + 3d — 2 



»-^3d — h: 




D Hence, 



1 8 7%i RicifroCMtton of SrcT. IV^. 






Hence, if •Dssdssra, and zTssD^ wc have usss — lnultjplylfi|; 

4 

- ^ . a* . n — 2 n4-2 a* , n — 2 n4-2 n— 4. n4-4 a* 
the Series —-¥—7-% L x^iH 7— x ' x "^ X' ■ ■7 x — r 

c*-*- 6 8 c* ' 6 8 10 12 c^ 

. n — 2 11+2 n — ^4 n+A n^6 n-4-6 a* , i>— « h+i 

— 6 8 10 12 14 .16 c* ' 6 8 

n — 4 n+4 n — 6 n4-6 n — 8 n+8 a* • •' : -^ o^— a n+a 

10 12 14 16 18 20 c'*-*- 6 8 

n— 4 n-4-2 n-— 6 n+6. n— 8 0+8 n — 10 n-4-io a:** , 

x -rx — ^— X X- ^ X — sr-x — ' — x-r x— ^^ — x-— ^ 4* 

10 12 14 16 18 20 • 22 a4 o'* * 

&c. and a* «= — multiplying the Series — ^ '' ■ v ' x - "J^ - 

4nn * ' "^ c'*^ on on 

c4a ' 6n 8n ion lan c^» on 8n loa 

4ft4-i 6n— 1 6q4-J u^ . athr-I an+i 4n— I 4 n -|- i 

X ' X: X ~ X-5 K" . X o ' X" X ^ » ■ X 

i2n J4n I On c^n " on 8n ion i2n 

6n— I 6a4-i 8n— i 8n+i U* — an-^-^i 2n4-i 4n — i 4n+i 
i4n ion i8n 2on c*^ 6x1 8|i ion itn 
6n— I 6n+i 8n-r-i Sn+i ion — i ion4-i u* , ^ ^ 

.?4n . j^n i8n ton 22n 24n c»*» ' 
feSary ^ Which gives a Solution to all Equations of the fol- 
k)wing Scale. 



€• a^ s=a*=:u 



4c' a*;±; •♦ S=«*=U 

90* a*± 6c*a*+ a* s=2*=u 

i6c* a*± 20c*a*-f- 8c*a*;t ** aB?z's=u 

»5c* a*± 50c V<^ 35c*a*±xocV-4- a'* aex*s=u 



36c**a*±io5c'a*4-nac*a*J;54c*a'-fisw*a"±a*»s=sz*a=u&c. 



And 



Sect. IV« Pffwers Vfki tbwr Rms i ^ 

And if C8?i, the £uae Scale wltt be ezpcefled t>f 
A*' esa 

r 

4a*±. a* «ts« 

i6a*i 2oa*-f? 8a*± a* ssu 



X 



If the Iqnarc Roots of the ift, jd, 5th, 7th, (^^. Steps 

be extradihtd, we (hall have a neV 6cate exprefled m thd &i£ifi6 

Terms with the Scale in the fecond Confedbry above, with each 

I' 

Tearm equal to o\ But becauie the n here is only equal to 

«^ •« 

— there ; therefore by fubftituting — for n in the fecond Con- 

fedary, and. i for c» we hare a k u*=afiaj?ssx«:iia^nK-7^ % 

n+2 . , n-^2 n+2 n — 6 n+6 ^ . n — 2 n4-2 n— 6 

— 2_ a^+nx — 5-x — *— X — r-x— ^— a» 4- n x — 5-x — =— x — j- 

12 ' 8 12 16 aa •^^ 8 12 16 

n+6 n— 10 n+io , n— 2 n4-2 n— 6 n+6 n— 10 

x — ^ — X X — 7: — a^+nx-^; — x — ^— x-r-7-x — - — x ■ 

20 24 28 ^ 8 12 16 20 %± 

5±I2.2=L4.I±L4 „ ± s,. Alfo hy fabftl»ting . for c, -" 

20 32 3^ ^ 

- X 

for n, and — for z in' the Refofutum of the faid Confedtary, wc 

have a ss: — multiplying the Series x +-^ x-^ x' + -^ — x 

n r^ © ■ 8n I2J1 ' 8n 

n4-2 311 — 2 3n-4-2 ^ _ li — 2 n+2 'xn — 2 '?n+2 en — 2^ 
I2n ion 209 on I2a i6n 2on 24n 

2dn 
D2 



9C^ TBe Reciprocatimof Sect; W.. 

a8n ' 8n iza i6n aon 2-431 aSir 320- 

Agasn^ if the 2d, 4th$ 6th, 8th, &^. Steps of th« laft . 6eal^ 
%t each added to and fubtradted from 4^ we have 4:b4^'"f'^^=' 
4 ± u, 4 i I 6 a» + *.pa* ±8a« + a» = 4.^ u. 4± 3 6a*Hr 

ro5a^± I L2a* + 54** ± i2a'* + *'*=4 ±"f ®*^- Con- 
^rqoently the Square Rbotis of each will give 2^a*= 4:i:U*', ^ ± 4 
••4^faa54iu%2±9af 4i6a*jf4:^ 2± i:6a*^Z9a*±8af 

r4±u*, (^c. Whence, if the 2 in each be tranibofed to 

contrarv Side, we (hall have a Scale exprefled in the &me*> 

Tenns witn that of the fourth Confedaiy, with each Step equal 

• ■■■■■■ * * • , " , ■■■ ■ ' '11 

to 4-|-a* — 2 or 2— 4— <-2^, iixbilituting i foe c,, and— for m 

ia that ConfeAsuy; becaufi each Step here ia the Square or — ; 
Root of each Step there.. 

And. by the fame Procedure from the hSL Scale, as from that 
•f tha fourth Gonfe^aiyj we may- have a: third Scale ezpreficd; 

ftifl^ in the fame Terms with each Step equal to 4-{-H'*4*2 *~2 ^^ ^ 



e 



•i— 4— •u^-f-^ having* _ for* n in the Seriefes ai the fourth^Cont-^ 

ie^taiy. Audi £> on to t-, — j., — , G?^. for n there*. 

8 * 1.6 ia 

Now. it is apparent, (that proceeding as was done, from tbe^ 
fourth to the fifth Coniefkary^) by ex^a^ine the Square Roots o£' 
the firft, third, fifth, , &c. Steps of the Scale, whofe Terms are 

each equal to 4^u' — 2 or 2*— 4— -u a Scale will again be pro^ 
duced,, and expreficd in the fame Tenna vith the Scale again. 

o£ 



&cr. IV. fcmtrtwhb their R^tu ts 

of the iecondr Conft^biy, having lasc and eadi Aep eq)ial tqr 






Hi* 

r 



44-a*— *2 or % 4 ' a • But becauie then here is only equal*- 1; 

thecefiittbyfiibftituting <^fi>r n mthejGp/ov^s^iiiof the ftcondConiedbuy^ 

4 




iiid'rferc9wefiave4x4-f-u^«— 2 s=s4Zs=sz or 4x2— 4— ^IT =54Zss» 

±n— 4 n+4 , , o — ± n+4 11—12 n-f-12 . . 
lb 24 ' 16 24 32 40 — 

11—4 n+4 n — 12 n+i2 n- — 20 n4-20 ^ , ^ a j i_ 

nx— :t^x — *-^x X— ^ — x ■ o x — ^ a^ + occ. And^by^ 

ISO 24 32 40 48 56^ ■ ^. 

fiibiUtutmg I for c, — for n, and — for z* in the Refolutum theretj, 

we have as=.— multiplybg theSeriesrX— — ~x — -x '4- -r-^ 

n "^ ^ 9 j5^ 24n • 26n 

^+4 3^^— ^4 3^+4 ^ _n— 4 n4-4 ^n— 4 3n-l-4 5n^— 4 
— 3 an 4on i6n 24n 32n 4on 4,8n. 



52^ x7 ^ &c. Qmfeaary 6^ 



And univerfally how high foever the Value of each Step' ia* 
e Scale of die fourth confedary be carried (as. from u to 4- 



!• 



4j^tt' T^2 to J2 4±^ 4"2 T^2 to fife.) by cxtradingthe fqpare- 
Roots of the firft, third, fifth, Sec.. Terms, a new Scale will be: 
ftlll formed and exprefTed in the fame T6rms> with the Scale o£ 
the fccond Confcdlary with 2% 2*i 2', 2*, 2*, &c. and uni-- 
verMy d. to divide the n in the Seriefes of that Confe£tary.« 

So that univerfally^ puttine j for c, -r for n.. and -r for z in thofe^ 



Seriefes^ we have x=na+nx— T-x-~-a*+ n x — r^x Tv x- 

-*- 4d 6d * 4d od 

P—Sd ^^n+Sd^c , n ^n~d ^^n+d n— 3<l^^n-f 3d^^n-~5d^ n+5dl 
Sd. icd. -^ 4d 6d. 8d lod. X2d i4d* 



29 



j9h AppltMilM H thi Circk. 



SlCT. V. 



it ^ ^c. And ftsss - muttiidying the Series x T— g-x 'Vjj* ■ 

t t P— ^ n-|-d tiv--4 ^n-fd ^ j_ i»^ n-f<i 3i» — < i sn^M 
"^ 4dn 6da o3n" lodn 4dn 6nd foa lodh 

■I tan i4da ' 



w 



SECT. V. 

^/i jippHcation of the foregoing Do&rifie to dtt 

angular Se6iiom of, a Circle* 



IN epFety Cifcfe mtke t]ie Radios TC 3:b C V =» c, the Sine 
or Semiordinate MPas^ZssSi the verTed Sine or Alv 
fii^& VP«sv, and the Chord V M (of half the Arch A M> 

s= z. Then bv Retfon of the fi- 
milar right angled Triangles V M 
T, P V M, and PMT j we hare 
VP:PM = PM:PT, or v\\ 
Zassi-Z:2C — V. Whence a c 
n;—- V V ss 7 Z Z ss ss^ CmfeBam 
I. VP:VM = MP:MT, or 

V : z *= f Z : ~=-=MT, C5a- 




je&ary z, 
V M. or ~ 



MT:VT 



2 C 



= MP: 
s : z ; whence 



z' ts:z.^cni^ ConfeBary 3. And fubflltuting z* for 2 c 1; in the 
Equalioa %cv — -v*5=$s, we have zz — t;v=:ss, CanfiStdry 
4, the Property of all right-angled Triangles. Whence 2 * — }. 
2 Z :=a; 'u ; and fince (Confea. 3. J z* =r: 4 c* ^* ; therefore 4 
c* z*--c*Z*c=:z% or 4c*z*— z*x=c»Z*, ConfeBary s. Which 
laft being the conftant Rekition between every Chord MA = Z, 
and the Ghprd M V = z of half the Arch A V M ; therefore 
if we put e 5=^ the Chord of ^ Part, u s=: the Chord of i, y 
• ^ - = the 



Sect. V. An Applieafim to the Circle; t$ 

^the Chord of ^, ©r. pf the fame Arch AVM; vrc (hall 
the fame Way have c*2*i=4 c*c* — e*, c*c*= 4 c^u^— u*, 
c*a*=r4c*y* — y^, &c. Confcqucntly, if wc fubftitute every 
latter in the Place of the fbamer, putting cr=: Unity, we have 
Z Z =5 4Z»— 2*=: 1 6e* — 2oe*+8e*— e* = 64 u* — 336u* 
^672U*— ^66ou*4-3 52^'*— *i04u'*-f i6u'* — u«'^s= &c. 
€m/e£fary 6. And (Confedt 3.) 2t; = z*=:4C*— c*=s 16 u*-~ 
2ou*-[- 8 u^ — u'six 64y*— 336y*-|- 672 y*— 660 y'4"3S^ y ** 

— io4y'*4" ^6y** — y"'=Gf^. C(mje£iary j. 

■ 

Let the Triangle A V M be infcribed within a Circle, and 
fi-om V let &11 V Q^_perpendlcular to A M, drawing' the Dia- 
meter V T =s 2 c = 2 } and join MT. 
Then the Angle V M T being right 
(as (landing within a Semidrle), and 
uie Angle V T M being equd to 
V A M (as both ftanding upon the iame 
Chord VM) the' Angle VTM and VAQ 
muft b9 , fimilar. Confeqaently V T : ^ 



VM, or VT : VM 
fe&ary 8. 



VA : vol Gw- 




If then the Arch A VM be dhrided 
into three «qual Parts, whoie Chords are each equal to a; iuuf 
AV contains one of thoie Parts, and VM two ^the Chord of 

the whole being A M ss Z) ; we have (Confcd. 5.) VM =4 a* 

— a*, and (Cbnfed. 8.)VQ^=:a*— ia«. Therefore (bccaufe 



AV — VQ. = a— 4aaa s=sAQ ,and aa-^aaa s=VM — V<i) we 
have AQ-f>QMs:?Zs= 3* — a* for the Trife^ion <^ m Arch 
or Angle, ' OmfeSary 9. Confequently, if e equal the Chord of f 
Fart or Uie lame Arch (whence a a=s j e — e') } we have Zap 
3 a— a' sss 9c— ioe'4-*7 c*— 9c»-^e»=C^f.C&»/^^«7 10. 

y the Arch A V M be divided into -four equal Parts, whofe 
Chords are each equd to e } and A V and V jM contains each 
two of dioie Parts I whence VQ^ssv the veried Sine or Ab-^ 
icift» -of the whok Arch : Then (Coofcd. 7.^ 2Vss4e*-- e«. 



24- ^ Applkatimio the Circle. Stcr. V. 

If the Arch A V M be divided into five equal Parts, whofe 
Chords are equal to a ; and A V contains two of thofe Parts, and 
y M three ,(^the Chord of the whole being AM= Z; : Theft 



/Confea. 6.) AV = 4a*— a\ and (ConfeO. yj VM 



3a^-aaa s= 9 a*— 6 a*-;|- »*« su»d (Confe^. 8.) VQ 



VMxAV 



>2 

VT 

pa* — V a* +i^ ^* — 2.a«\ Hence (1)ecaufc AV — VQ 

1 1 —1 1 ■ ■ ■» 



j2a— fa'-f-|a» j= AQ^,andVM — VQ =3 a — Ja'+^a^ ss 

2V 

<^M j wehave AQ^4-QM = AM or 5 a-— 5a^ ^-a'sa Z^ 
Canfe^ary ii. 

If the Arch A V M be divided into fix equal Parts, whofe 
Chords are each equal to a; and A V ai^d V M contains each 
three of thofe Parts ; whence V Q = 1;, and ( Confcd. 9*) 

= VM = 3a— aaa = 9 a* — 6 a* + a* : Then (Confed. 8.) 
9 a* — 6 a^ -f- ** = 2 ^* ConfeSlary 12. 

If the Arch A V E be divided into feven equal Parts, whole 
'Chords are each equal to a, and A V contains two of thofe Parts 
and VM five (the Chord of the whole Arch being AM=Z)3 

then (Confed. 5.) AV s=4a*— a% and (Confed. 11.) VMs 



5ar— 5a»+a» =25a:» — 50a* +35 a* — 10 a*-[-a' • , and (Confed. 8.) 

4^4 44 4 



Hence (becaufe A V — VQ =; AQ =2 a — Va* + 1** — ^» , 

juid VM*— VQ '=5a— Va'+I«*— i*'* sssQM*), we have A Q 
4- QM j= AM s^ Z=7 a — • i4S^ +7 a* — *'> Confe£faryi^ 



And 



» •# 



Sect J IV. Anpplkatlon to the Circle* 25- 

And thus proceeding, with i=sc, and putting uniycrfally v= 
the Abfcifla, z — l^r- the given Chord, and a= the Chord re- ' 
quired; .we, (hall find ail the odd Divifions of a circular Arch, 
nsiz. into 3, 5, 7, 9, u, &c. equal Parts to proceed exadlly ac- 
cording to the Scale of the fccond Confedary in the foregoing 
Scdtion, having c=i, as follows. 



3a— a» =:z(l)yConfcd.9ofthisSe(ft,) ' 



\'' 



5a— 5a^+ a » * =z (Confea, 1 1 J 

• * 

I • , ... 

7a-— 14a' -j" 7a*—, a^ =z (Confedt. 13.) 



» • 



9a — 3oa*+^7^*~" 9^^+ ^' =^ (Confedl. lo^, Gfc. 

Confequently, from the fame Confeflary there, whatever n be 
wc have die Compofitum z==na^--nx--^^K--^5^a*--|-nx ~" 



4 • 4 
n+i n — 3 n-|-3 , n — i n+j n— 3 n+3 n — c n+c 

6 8 10 4 6 8 10 12 14 

, , n — I n+i n — 3 n4-3 n — c n+c n — 7 n4-7 

a^4-nx X— 7 — X t, ^ X ' ■■ x — x - ' ^^ x — ~x —* 

' 4 6 8 10 12 14 16 18 

n — I n4-i n — 3 n+3 li — ? n+5 n — 7 n4-7 ■ 

a« — nx x-7 — X— 5^x— ^-^x 2.x— 1-2-x— ~x — ^r^ 

46 8 10 12 14 16 18 

— X " ^ a' ' 4" ^^* And in the Refolutum a=c=- multiplying 

the Series z-4 — ^^^^x J z^4- x z x- r7^ x "^ ' z* 

' 4n on ' 4n .On 8n ion 

, n — I n+i 3n — i 3n+i 5n — i cn+i ■ , n — i n-f-i 

A X ) x^ — x -^ ^ x^ x ^ ' zH ^ — >^— 2 — >^ 

* 4n on 8n ion izn i4n * ' 4n 6A' 

^n ion I2n i4n ion i8n ' 4n on 

jn — I 

E 8n 



»6 An Application to the Circle. Sect. V. 



x= — '-^ x* " x ^ - ' -X ' " . X' — y — X " ' x '' ' z^*Ar 
%n ion laa 14a i6n i8n 2on 22n ' 

&c. ConfeSary 14. 

But if we chufe to work by the Sines, or half Chords, put 
t s=s I z, and y = the Sine of half the Arch, whofe Chord is a» 
whence 2ys=a, and 2s=sZ; and as n a in the 'laft Confec- 

tary equals the Sum of all the Chords of 
the whole Arch AVM, fo is ny here e- 
qual to the Sum of all the Sines or Semi- 
ordiojitei of the Half*arch V M. Therefore 
in the laft Seriefes fubftituting 2 v for a and 
2 s for z» dividing the Whole </each Equa- 




tion by 2) we have s 
n-4-i 



ny 



n X 




y» 4- nx 
3 / ^ 2 



n+i n- 
X — ' — ^x— 



nx 



n- 




3 4 

I n+i n— 3 n+3 n— 5 n-f-5 , , 
— X— J — X ~x I ^ -x ■ ^ ^ ' X u ' ^ yy +nx 

3 4 5^ ^ 7^ 



z 

"+3 
-X — !-*■ 

n — I 



y* 



^ «-Lxii±L."-5^'^+1^^5-^^5+7 



3 4 5 ^ 7 8 

yss: — multiplying tHe Series s -)* 



X 

2n 3n ' 2n 



t 
&c. and 
I n+i 

— X ' — 



3n— I an+i , , n— -i n+x jn— i 3n4-i cn— i 5n+i 

y . x ^ '^ s^ -4 X ^ X- x« — ^x^-z^ x^ — S- s' 

4n 5n ' 2n 3n 4n en on yn 

' 2n 3n 4n jn 60 yn bn 9n ^ 
IfCr Cimfe£fary 15. ♦ 



A^uiH it appears firom the Procedure of die thirteen firft Con- 
ibAaries of this SeSion^ that all the even Diviiions of a cir- 
cular Arcfa^ viz. into 2, 4, 6> 8, 10, &c. equal Parts (rcpre- 
fenting all Things^ as before) do proceed exactly according to the 
Scale of the fourdi Confeds^y of the kft Se<^on, having c S5;^r 
i^ssi^ and u there equal to 2 u here ; as follows 



•■■iwi 



MHM% 



♦ Jfoin^ ibi Liortur^ if be pkafa^ may fiip bin and pruud U tbi foUcwin^ 
tfffkn^ for tbe fann Reafins n$ in the U/t^ 



Sect. V. AnApflkatkii Hthe Cink. §7 

« 

9a*— 

i6a*— 

aja*— 5oa*-|- 35a*— xoa'-|- a»* sas2v 
36a*— >io5a*-f-i 12a*— 54a'-|-i2a**— i«"aB2«, (^<r. . 





CB2v(Cofiiea 3.) 


a* 


8s:2t; (Coo&d 7.) 


6a*+ a« 


cs2v(Confedi2.) 


2oa*-4- 8a*— »• 


as2V (Coofeft 7.) 



Confequeatljr, from die iame fourth Conf^dary in the laft 
Sedion, whatever n be, we have in the Cmpojitum^ 2 "u ss to 

— multiplying the Series a* — ~— x-|— a* A — ^ — x ^ ■■ x 

4 * w O # * O o 

to — ± n4-4 ^ n---2 n4-2 11—4 n-4-4 n— 6 h4-6^. , n*— i 

-— -^x— i-Ja^— •--2--X--5-X — -'■x-.-i-rx X— V-i + — r~ 

10 12 6 8 10 12 14 16. ^ 6 

11+2 11—4 n4-4 n— ^ n+6 n — 8 n+8 .^ 11—2 
X— 3— X — Jx— ^i-Cx— — X— Jt— x — ?r*-><— * — 2** *-» ■ ^' ■ X 
o 10 12 14 16 z8 20 o 

n-f* n*— ^ «+4 n— -6 n-f* n— *8 n4-8 n— 16 n4-ro 
8 10 12 14 16 18 20 , 22 24 

x^''^bic.2in^\htRef0lutumtsssi--r-' multiplying the Scries u + 

2n-^-i 2n4-i - . 2n — i 2n4-i 4n — i 4n+i . 1 2n— i 

on on * on 8n ion i2n * on 

2n4-i 4n — i 4n4-i 6n — i 6n4-i ^ . an— i in+i 4n — i 

on ion i2n i4n ion ' On 8n ion 

4n+i 6n-s-i 6n4-i 8n-!-i 8h4-i , 2n — i 2n+i 4n — i 
~^x-r— r-x — ^x — — -x-— i-u* + -'2 — x-^x-^— X 
i2n X4B ion i»n 2oti ' 6n 8n lon 

4n4-i 6n — i 6n-4-i 8n — i 8n+i ion — i lon+i < . ^ 

' J x-^ — ^'^'-r" ^ — r-x— ^x ^^x L-. u^ 4- &<^» 

i2n i4n itn i8n 2on 22n 24n ^ 

Oif^tStarj 1 6. 

If therefore die fquare Roots of the^£rft, third, fifth, fevcnth, 
©ir« Steps of the laft ^cale here be texcra<£ied, it is evident they 
will give a new Scale of Equations for finding the Chord a, of 

E 2 i. 
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&c. Part of the given Angle expreffed in the 
fame .Terms with the Scale of the fourteenth Confcdtary of .this 



t . __. 



I 



Sedtion ; each Step being equal to 2V*=:u* = -5:X. Confe- 

fcquently (by Confe<fi:, 5. of the laft Seftion), we have here x=: 

n— 2 n4-2 , , n — 2 n4-2 n — 6 n4-6 , n — 2 

na — nx— -— X — ^— a^ + nx — jr- x — *— x — ^-x — =--a* — nx — rr- 

« la ' 8 12 16 2Q 8 

n4-2 n— 6 n-4-6 n — 10 n+io , n — 2 n4-2 n — 6 

X — - — X — T—y^ — • — X X — ^ a^ +nx — n — x — • — x — 7— 

12 16 20 24 2b * 8 12 16 

n+6 n — 10 n+io n — 14 n+H « ^ •> ' j * i t 

X — ' — X X — 4?- X -^x — hr-^a' — &c. and a=— mul- 

20 24 28 32 36 n 

^. , . re- I ^ — ^ n+2 , , n — 2 n4-2 7n — 2 

,tiply ing the Scries x + -n — x — ' — x ' + -7; — x — - — x ^ . x 
' '^ ^ ^ , ' 8n i2n ' 8n i2n i6n 

3"+^x' I ^'~^v"+^,c3^"~^..3n+a cn-:2 5n4-2 n 



2on ' 8n i2n i6n 2on 24n 28n ' 8n 

I2n ion 2on 2411 28n 32n 36n * 

ConfeSiary ly. 

Again, if we- proceed with the Scale of the 16th Cpnfec- 
tary here, according to the Directions for the fixth Confeftary 
of the laft Set^ion, becaufe 2 v here equals u there 1 we have 

1 "- 

' 1 n— 4 n4-4 , , n — ^4 

4x2—4 — 2v^ =x=2na— -nx — —x ' a^+ nx — 7-^ x 
^ 16 24 * 16 

n+4 n — 12 n4-i2 , n — ^4 n+4 n — 12 n+i2 u — 20 

— ^-^x ' X— ^ — a^' — nx-^-T-^x— i-^x x— ^ — x — - 

24 32 40 16 24 32 40 48 

n+20 , , n — 4 n-f-4 n — 12 n4-i2 n — 20 n4-20 n — 28 

^mT- ^ + —r^^—^^ X— '—x — 3- X— 4~x — 7 — 

^ ' 16 24 32 40 48 56 64 

X — — a^ — &c. and acz= - multiplying: the Series x ^ — x 

72 n ^-^ *^ • i6n 

»+4 ^, n— 4^n+4^3n— 4^3n-f4^, 4 ^— 4^n-f 4 ^^ nn-~4 
24n "■ ion 24n 32n 4on ' i6n 24U . 32n 
^3lMl4 5^1114^5^+4 ^y , n— 4 ^n+4 3n— 4 3n+4 5n— 4 

X X — TT — X — X' -+- ^ ■■ X X ■ X " ' X — ; 

. . 4on / 4on 56n ' ion 24n 32n 4011 4on 

x^^'^'x^^^xZ^ x^ +&C, Cmfe^ary 18. Which givea 

the 
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the Value of the Chord a to the 4th, 12th, 20th, 28th, 36th, 
44tb^ (Sc, Parts of the given Angle. 



And thus, according to the Dircdions for the 8th Theorem in 
the laft Scftion, we have univerfally x = na- 



n-^i n+d 



n— d n-j-d • iv— 1 d 
X J, X .. , X 



, , n — d n-f-d n — ^d n+^d . 
* ^ 4d 6n "^ 8d "" lod 4d '^ 6d '' 8d 

' ^^ X T- X ' y x^ + &c. And a = — multiplying the Series 

lod L2d . i4d . ■ ji '^ ^ . ^ 



_^_ n — d n-j-d ^ , n-— d n-f-d 3n — d 3n-f-d 5n 
' 4dn 6dn ' 4dn 6dn 8dn lodn i2dn 



i4dn 



+ &c, Theorem IX. That is. 



I • • • • • V 

. If d=: 8 then for finding the Chord a of the 8th, 24th, 40th; 

56th, 72th, 88th, &c. Parts of the given Angle. j we liave x=8 




ConfeSfary 19. ' 

If d=i6; then for finding the Chord a of the i6th^ 48th, 
1 1 2th, 144th, 176th, &;c. Parts of the given Angle, we have 






16x2- 



r 



2+2+4 — 2 V 



f 



9 

ConfeSlarf 20. &c. ad infinitum. 
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SECT. VI. 

7%t Menfuration of ib$ Arch of a Circle, • 

THE MenAiration of the Arch of a Circle, and eveiy 
other Algebraic Corve^ is founded upon the following 
Prmcsples* 

I. Space, and confequendy QuantiQr and Number, may be €oa« 
fidered as encreafcd, ad infinitum. 

IL If any finite Qiundty e, z, or x be fuppo&d to beidiTided 

1|^ n put to reprcient Number univerfidly encreafed, lu/ infim-- 

e z X 
tumi then it is plain, that the Quotients — , — ^ —* can be no 

Quantities, but mere Negations of all Poifibilitv fox their refpec* 
dve Dividends e, z, or x, to be divided fiuther. Coniequendy, 
if the Dividend be a Line, the Quotient muft be a mere Geo- 
metrical Point ; if the Dividend be a Superficies, the Qiiotient muft 
bt a Line, or indivrfible Bteaddi i and if the Dividend be a Solid, 
the <^tient nwft he a Superfides, ot iAdivifible Thicknefs. 

e z X 
. IIL Under this St ip p ofi t io i i, therefo re llie Quotients — , — , — , 

may be apdv called JkJivffiiks} whole rcfpe^ve Divijibks are 
the Dividenos e, z, x* 

IV. If n bc^ put univtrfally to reprefent Number encreaied 
cd infinitum ; then eveiy aillgnable Nuihber, how great foever, 
muft be as nothing with Rcfpedt to it. Confequently the In- 
finite n can neither be encreaied by the Addition, nor decreaied 
by the Subtra^on of any aftignable Number whatever. 

- V. It i$^ evident that in all the Divifions of 4 eiven Angle ACM 
=: 2 VCM, or VCM (fee the laft Figure of the laft Scftion), the 

more ^ 
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more equal Angles the fatd given Angle is divided into ; ftill the nearer 
muft ue Sum n a of all the Chords of the Angle ACM ap- 
proach to an Equality with the Length of the Arch AVMi 
and the Sum n y of all the Sines of the Anele V C M = f A 
. CM approach to ^ Equality with the Length of the Arch V 
M = |A VM. H* therefore the Exjx>nent n of the 14th and 
X cth ConfeiStartes (which is there always equal to the Number 
of jParts the Angle. is fuppofed to be divided into) be put tore- 
preient Niunber univerfalfy encfcafed ai infinitum^ and conicquently 
the Chords a, and the Sines y =: f a are infinitely little ; it follow^ 
thpC n a muft be the very fame with the Area A V M, and n y 
the veiy ikme with the Arch V M. Becaufe in that Cafe, the 
equal viffi;rences» l^tween diefe infinitely little Chords or Sines 
and their reibedive equal Arches, muft be as infinitely lefe than 
thofe infinitely litde Chords a or Sines y and their refpe£tive 
Arches, as thofe Chords, Sines or Arches themfelves are lefe than 
the Arch propoied to be divided. For if we put e univerfaUy 
to reprefent tne Length of every Arch to be divided into any n 
Numoer of equ^l Parts, one of which Parts is x, whofe corref- 
pondent Chord is a Ht is plain that n x muft be always lefier than 
na-|-a, and confequently nx— *na is leffer than a. But if a 
be indivii^ble^ then the Difierence between, n x and n a muft be 
atfo indivifible^ as being lefler than a. lllat is n x =: n a. And ' 
if nx— -na be lefter than an indivifible, then (dividing by the 
Infinite n) we have x — a more than infinitely lefifer than that 
Indivifible. And the fame for the Sines. 

# 

Hence if in the fourteenth Confeftary of the laft Section, the 
n thjcre be put to reprefent Number encreafed ad infinitum \ it 
is evident (by the feurth Principle here kid down) that all the. 
finite Numbers — i, +1, —2, +2^ —3, +3, — 4..+4» ^^* 
in the r^u^nerators of the IJncim muft vanifh as nothing.. And 
confequently the Qmpqfitum there becomes AMsziana-— » 
I I , , , I I I I , - 1 I I I I I , , , 

46 ^ 4 6 8 10 4 6 8 10 12 14 ' 

&c. Or (becaufe ri a = e =5 the Arch AVM) AM=sz=s=c 

-I — X7- ^A — x—xttX — e* ^ — ^^x— xtt-x-— X— i e^ + ^^* And 
•^46 *468xo 468 12 14 ' 

i^ the fame Reafon the Refolutum there becomes (by multi^ 

tiplying. 
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plying all by n) A VM=: na =:c = 2 -| x^ z» -j x 

-7-X^X-2— Z'H x-r-X^X— X-^ X-:i— Z^ J. J^c. Of 

on hn ion ' 4n 6n 8 n ion 12 n i4n 
(becaufe the n every where divides it felf ) the Length of the 

Arch AVM s=na=e=sz^--x7-z*^ ^7->^^x-^ 2^ 

'46 '408 10 

• X \ ^ \ C t I ^' 

+ -^r^>^4->^-^^-^^x-^z7 &c. = zH z'+T^-x z* 4- 

' 4 6 8 10 12 14 '24 ■ 640 ' 

_5_ 274. 35 ^, , ^3 \,./. ^3^ ^,, I 

7168 ^ 294912 ^ 2883584 ^ 54525952 . ,, 

-r^^^—r-^"' + -r-^'^^'^ — >z'7 + &c. ConfeSiary i. 
167772160 ' 36507222016 * -^ -^ 

5o proceeding the fame Way, from the icth Confedary of 
the laft Sc^on, for finding the Length of the Arch V M = 

ny=:Te=u, we have PM=:s = u x— u» +-x— x— 

^ 2 3 ^2 3 4 

X— u* X— X— X— X7X- u^ 4- Csfr. and VM=ny=u = 8 

5 234567^ ^ . 

* 6 40 112 ' 1152 ' 2816 * 13312 ' 10240 

gii..j liL s'7 4- &c. CmfeBary 2. * 

So again by a like Procedure, from the ninth Theorem in the 
laft Seftion, for finding the Length of the Arch A V M = n a 

= e there, we have xt=c t^-t^^^ H t^tt^-o^ji^ T 

' ' 4d 6d ' 4d 6d 8d lod 

e* -T jXttx-tttx — tx — jX — 7 e^ 4" ^^- And AVM=naz=e 

4d 6d 8d lod i2d i4d ' 

,1 I J 1 JL JL J_ ^ sj^2 L 3 3 ' 

^^+7d''6d^ ^"4d''6d''8d''iod^ "T-^d''6d'' gd"" lod "" 

5 



J 2d 



* Jgalriy for the fame Reafonsj as before^ thi Learner may^ if he thimks fit^ pr^- 
seed ditfilly from hence to the feventb oe^hn. 
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lad'^Hd^ ^^ed'^Sd lod izd''i4d^i6d''i8d'^ + *^' 
Thbokem X. ' 

Hence from the 17th Confcdlary of tlie laft Sedion^ where 
d = 2', and x = 2 X2VP* =2:2x2 0;*, we have in the Rtfolutwn 
there, the Length of the Arch AVM=:na=:e=aBX | ■ x* 

1 3 xJ -4 5 x^H ^^ — x'4- 3 X** 4- 

^ 10240 ^ 45^75^ 75497472 2952790016 , ^ 

&c, Confe£tary 3. 

From the i8th Confedary of the (ame Sedlon, where d=:2*> 



and X = 4 X 2 — ^4 — zv * , we have in the RefoltUum^ the Length 

of the Arch AVM= na=es=:x-l j- x' + -2-% — x* + 

384 ■ 163840 ^ 

>? j^^ [ '35 x^ I -^ — X*' + &c 

29360128 ^19327352832 ^ 3023656976384 ^ 

OmfeSiary 4. 

And thus we may proceed on to ftlll greater Exadnefs, as in 
the 1 9th and 20th Confedaries of the lail Sedtion, &c. Whence 
it is plain, that a Refolutum may be formed for finding the 
Length of any Arch AVM of a Circle, to v^rhatever amgncd 
Exaftncfs we pleafe, and by as few of the firft Terms of the Se- 
ries as we pleafe, A Difcovery, I conceive, vaftly preferable to 
to any Thing ever yet invented for the fame Purpofe. The 
Excellence of which will appear from an Example to the laft 
Confedary above; where d rifes no higher than 2* =4. 

Suppofe then the Length of the Arch AVM fought to be no 
fmaller than than that of 60 Degrees, or one fixth Part of the 
Circumference of the Circle ; whofe Radius is V R=:c= i j and 
confcquently the given Chord AM = z = i . Whence V P =s 




i— :|:\ =0.1339745962156, x=4x2— 4— 21;* SSSI.04 

F 420 



^. UKr Mei^afim <f SfeCT. Vr 



42095577664; x'-^i. 1^857846977, x»=-iv24i475.«58, x» 
r.3536725; x'ss 1.47601, x" SB 1.609. Then putting A 

^ n 3 Q _^ 5 Tj _^ 35 - » 

^84* 163840* 29360128' 1932735.283^2? 

J023656976384 

+ Z'. a»- 1,044 2 095 377 604?- 

-f" A«*'' 2.9 6 5.0 480 9-8 J-; 

4^ Bz** 2^27 3. 2 i.o I 92 

-fs^Dz? 2.67-29) 

+ E»" 3 35 



Sum ss i«0 47 I 9755.1 1.960 ss the* Leogdi of- 

the Arch AVM of the fixth Part of a Circle, whofo Radius- 
is Unity^ troc to the twelfth Dicimal inclufively ; without m^^ 
ling Ufe of any more than, the fijc.fitft Terms of the Scries only*. 

And by: ftill proceedings on. from the tenth Theorem* here, aof 
Obrding to the Diredtons in the fourth and fifth SeAions,. we: 
may have the Value of die Ardi AY M to any afligned Exafti- 
nefs, by only a few continued Extradions of the Squard Root;; 
^thout making Ufe of any more Terms* in. the Series; than the: 

irft' tfwo x.-f' — m or. e^n than die. firft one x*. 

■ 24dd 



f ^ 



Conie^ary^ let x ss 2 ^ *'; and we (hall haver thet 
Arch. AaV NCss.ess^. multlqlying the Series x.-|— 

i: 
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— x» 4- ^ r«+ .^-^ x'4— 2i- x»4- -0^-5- X* * 4- &c. ite - 

«4 ^ 640 ' 7168 ' {(94912 ' 4883584 ' ^ 

in the ftrft Coofeftarf ) f«r Omfi&ary 5. 



^^ 



I a 



In the fdtuth Coitfcdbry, fet xa= 2-— 4^-^2V ; .and weihail' 
(have AVM=ed*i:4 iriultiplying the Series x+t— x* "^2^-**+ 

— ^ x^ + &c. (again as in the firft Confcftary) iot^QmJk^Aty 6. 



t • - ^ t « ^ •' - ■• .f .• i\ . . _.^ .^ ^ ^^_,^^^^•^■ 



S E C It. VII. 

Of the ReduEHon -of Equations to an tJkimnin, turn 

tf the DoElrine of tlMmators. 

I Now proceed to one Property belonging to the EiMreffion df 
of a compound Squation^ which fee^ never ;tQ nave been 
much as thought of before : tho' it be the only tme &iis of thttt 
late admirable Inveniaony which as very improperly called the 
Dodrine of Fluxiims . by iomi^ and the Differtidial Cakubu \tf 
t>ther8* 

If, for £ximple, it w«'e required to find the Root of die fifth 
Power from tlie Equation 154a— jia^— 33a' -|-iia*—e^s=i20i 
or 120— i54a-4-na*-t-333i"'' — iia**J^*=o, the required Root 
a would be found to be Unity) or i*^^a^:o: TVliich dividing 

I20— I54a-j-iia*4"33^' — iia*-f-a*3=o quotes 126 — 34a— -23a' 
4-ioa'-— ^^«=o« Then the Biquadratic Root from the laft Biqua- 
dratic Equation may ,be found jto be ass3, or j-^-aTrro: Which 

dividing 120— -34^^*— 23a*-|*J^^*'*"^*==^ quotes 40-}- 2 a — ^7a*-|-a* 
c=o. Again, the Cubic Root from that may be found to -b6 
as=5, or 5---fls=50 : WWch dividing 4o4-2a«~7a^<pf*a'=±:o quote! 
€4*2a*— «^S30. Laftly^ the Square Root from that may be fauad 

F s td 
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to be a3=:4,. or 4 — a=o: Which dividing S+^a— a*=o quotcJ' 
2-|-a=o, whence a= — 2. Therefore, which foever of thefe Roots 
firft comes out, the Equation of the fifth Power 120 — I54a-|- 
iia'-^33a' — iia*-|-a*=r:o will be found to be a Produdt made 
by ^ the continual Multiplication of 2-|-as=o by 4 — a=o by 5—^ 
=0 by 3 — -a=o by i — ^a=o: And confequently its five Roots are 
~^j +4» "l*5> +3> 4"^- The Biquadratic Equation 12c — 34a 
— 22a*-}-"^^^' — a*=o will be found to be a Produdl made by 
the Multiplication of 24-a==o by 4—2=0 by 5 — ^ii=o by 3 — a 
c=o : Confequently its four Roots are — 2, -f"4> 4"S> 4*3 • '^^^ 
Cubic Equation 4o-|-2a — 7a*-j-a'=o will be found a Produd: 
made by the Multiplication of 24-^=0 by 4 — a=o by 5 — z 
=0 : Confequently^ its three Roots are — 2, -f-4t +5* '^^^ 
Quadratic Equation 8+2a — a*=:o will be found to be a Pro» 
du<a made from the Multiplication of 2-|-a=:o by 4 — a=:o: Whence 
its two Roots are —-2, 4-4. And thus it will always appear,, 
that every Equation confius of as many Roots as it has Dimen- 
fions. Theorem XL 

And every fuch explicable Equation muft alfo have as many 
affiinutive Roots, as it has Changes of its Signs fi-om -}- to^ — , 
and from — to -f- ; the reft being Negative. Thus in the Equa- 
tion of the fifth Power above, the Signs in their Order, are -j- 

— -|r- -| [-5 which (hews that there are four affirn\i|tive Root^. 

In the ^quadratic Equation above, the Signs are -f- ■ -| ; 

which {hews that there are three affirmitive Roots. And fo for 
any other. Theorem XIL 

If in the foregoing Equations we put n=2, p=4, q=5i 
r=3, s=f. Then the Quadratic Equation, or Compound of 

+P 

ii+* = ^>^P — a=ro, wiH be n p a a — li*s= o j which 

— -n 

+pq 
again multiplied by q — ^a=o gives the Cubic Equation npqa*^ — ^nq 

*— np 



* — pa* -f*** = ^> which again multiplied by r— a = o gives 
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•— qr 
+pqr -^pr +q 
— nqr -j-nr -f-p 
the Biquadratic Equation npqra* a' a* a' — a*3==(T. 

— ^npr — ^pq — n 
— npq +nq -f-r 

Where the Roots are — n, 4"P> 4"^j 4"^- ^^^ ^^^5> ^^ ^" ^"7 
Inftance we proceed ever fa high, v^e fhalt always find, that 
the Coefficient of the laft Term equals Unity, the Coefficient of 
the laft Term but one is equal to the Sum of all the Roots 
under their proper Signs; the Coefficient of the kft Term but 
two IS equal to the Sum of the Produdls of every two of tlie 
Roots, taking each Produdl under' its contrary Sign j the Coeffi- 
cient of the laft Term but threc> is cqu^l to the Sum of the 
Produds of every three of the Roots, taking each Product under 
its proper Sign ; the Coefficient of the laft Term but four is c- 
qual to the Sum of the Produdts of every four of the Roots^ 
taking each Produft under its contrary Sign; the Coefficient of 
the laft Term but five is equal to the Suni of the Produds of 
every five of the Roots, taking each Product under its proper 
Sign, Gfr. Theorem XIII. 

a 

Aljfo according to this MetTiod of Procedure, in all Equations,, 
the firft Term will be affirmatixc ; the laft Term will be of 
the fame Sign with that of the Produd: of all the Roots, taking, 
each Root under its contrary Sign ; and every intermediate Term 
will be of the fame Sign with its Coefficient found as above,. 
Theorem XIV. 

Therefore every Algebraic Equation univerfally, confifting of 
only one unknown Quantity a being made equal to- nothing (and 
A put for the abfolute Number or Coefficient of a°=:i, B for 
the Coefficient of a* or a, C for the Coefficient of a*, D for the 
Coefficient of a*, E for the Coafficient ofa*> Gfr. alphabetically) 
will be reprefented by Aa^+Ba'±Ca*±Da^±Ea*±Fa«± Gfr. 
— =o. And whenever any Power of a is wanting, we are to fup- 
pofe its proper Coefficient equal to nothing. Thus, if a' be want- 
ing, B=o ; if a* be wanting, C=o; if a' be wanting, D=z=q^ 
i^c. Alfo upon the fame Suppofiition^ if we divide the whole 

Equatioa 
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Equation by the Coefficient cf die higheft Power of ai then 
will the Coefficients be the fame with thofe of the foregoinf 
Examples under the following univerfal Forms, ^uiz. every firi 

Power will be es:preiied by ^ a"* ^ a ' = o, every Quadratic 

A B * A 

Equation \>y pa*i:^a*;£a* =0, every Cubic by r^ a* ^fc 

P^'i^a* ia* =0, every Biquadratic by ga^;;tga' ± -g 

a* ^ =ra» ± a* =0, fiff. and every n Power, the Coefficient of 

whofelaft Tcrmsis Z, by ^a'^ila'i-a^i^a'ila^i 
^c. ia*:=o. 

If the Roots be every one of them equal to 4- c or — c ; 
then evcrv Quadratic Ecuation will be equal to c + a = 



very Cubic to c^a ^ss o, every Biquad Ic to c^^a = o, fisfr* 
as in the Scale of the third SeCtic*^. AiiJ vc^v a Power will 



vc equal t04c J^a t=c ^nc a-f-nx c '\i*Jt:^ ^ — ** 

^ 2 < 



c a» 4- &c. i a"s=o, Theorem XV, 

Hence it appears, that in every Equaition^ if the abiblute known 
Quantity A=Aa^ be required to be brought to die greateft, or 
{confequently, when the fame is confidcred as the Complement 
vir Reoiaiiider to another Quantity') the leaft Value it pollibly 
can have, while all the remaining Parts of the Ezpreffion cxm^ 
tinue the fame ; we muft hricig all the Roots or Values of a, 
4iccordii)g to its^ higheft Dimenfion, to an Equality with ooe ana* 
thcr. For, if, for Inftance, the two laft Terms of the Exploit 
fion containing the higheft Dimenfions of a be ^ Y a'^— ' n^ ^ a^i 
then ofttf the Whole is divided by Z we have (Theorem jg^) 

^ e<|ual to tl^^ Sum of the Roots under their proper Signs* 

Aa4 



f 



•^^ 
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And the Number ' o£ all the Roots is n ( Theorem 1 1. ) r 

Y 

Whence the Root a itffelf muft be equal to— ^ But Ac €<iefii»^ 

Y 

elent -;= is^ hese' a fixed given Number,, and if its^ n Nnttibef cf 

Parts be unequal to e^lch other^ it is plain, the; can never make 
&> great a Frodudt by the Multiplication of alt together, nor con-^^ 
fequently that Produ^ fubtradted from the. fame given Quantitjfc 

& Ikde a Remainder, a9^ whem the ^uxve » is divided ikta dle^ 

&me Number n. of Parts all equal to each other. \t follows^ 
therefbre, that in every Equation^ if it be required to bving the(^ 
abfolute* Quantity A to its greateft or leaft poifible Value, vre: 
nluft bring all the Roota* of the Equation, to the iame Value^P. 
Theorem. XVL 

This is what I call Ae ReduSOim of an Equation ttm io Wfi^ 
mate. And in this 4lefpe49:, I call every feparate Term in tha' 
Equation a SubjeS : To which each Tetm in the Equation, afttr 
the Reduction is performed, may be called its* refparove Uitima^ 
tvr. Alfo to difunguifh variable or unknown Quantities fr6m« 
fuch as are always invariably the £une, let the former be repre-^ 
ftated by fome one on more of the Letter^ a, e, s^ V ^i ^r ^>> 
y,. z J and the latter by b, e, d, f, g, h, k^ 1, m, n, p, q, r-^ 
Otherwife^ the latter^ may be^lfo reji^entfd by the Capitols A^ 

B, C^ D, E>. e^^ 

Example L Let it be required' to reduce the Quadratic Squa^ 
lion Aa**4- Ba'-t Ca*=:o to its- Ultimate. 

Here A='Ba±^ek%. or ^=§a:ta\. Whence (Theo. i6j^ 

A B — 

VS bring -^ ta its uldmate Yalue^ we muft maEie p; = + 2e iai 

B 

the Square, of c i_ a =zjo j. or,. whiebJs^ the £une^ make -^ i. au 



i^W' 
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ass 0. Therefore the the Ultimate required is B ± aCasso, or 
Ba*± 2Caa^ = o. 

Exampk II. Let it be required to reduce any Equation to its 
Ultimate, which confifls of but one Power of the Variant beiidcs ' 
the firft. For Example, the Equation A^Ba±Za"=o. 

A ' B 
Here AssBa^Za*, or ^ =^ a ± a\ Whence (Theorem i6) 

p^ g 

to bring ^ to its ultimate Value, we muft make = = + n tf^—* 

B ' 

in the n Power of c + a =5 o. That is (becaufe c = a) ^ = n 

iP^^. Therefore the Ultimate required is B^nZa*— « =: o, or 
Ba^±nZatt-"a^=o. 

Exampk II. Let it be required to reduce the Equation A ± 
Pa" ± Za" =0 to its Ultimate, 



Put a* = e, whence a == c", and a* = c m. Then again put 

— = r. Whence for P a" + Z a' we have P e 4- Z e', whofe 

Ultimate by the laft Js P c** ± r Z e'— « e'=o, or P e + r Z e'= 

o. Therefore, reftoring the Values of c and r, we have Pa"4: 

^^ 

— Za°= o, or (multiplying by m) mPa" ± nZa" = o. Con- 

fcquently (to keep always the fame Form) the Ultimate required 
is m P a«^— ' a** + n Z a^— * a° = o. 

Hence it appears, that the Ultimate of the Sum or Difference 
of any two Equations is the fame with the Sum or Difference 
of their refpcdiive Ultimates. For Inflance, tlic Equations b— -D 
a* -}- E ^"^ = o and c — Ba^+^^"'=^ ^^^^ ^^^ ^^^ equal 



to b4-c — B a' -}- E a"" = o. So their refpeflive Ultimates — m 

D a™— « 
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D a*"— » a^ -f n Ea^— «a^ = o and — - 1 B a^-' a** + n Ea'^-"' a* =0 
have their Sum equal to — 1 Ba^—' a* -|- n E a»-» a^ =0 : The 
Ultimators of the abfolute known Quantity A, b, or b + c, being 
always the fame, /. t. equal to nothing- Confequcatly whatever 
invariable Quantity in an Equation is added to or fubtraded 
from a variable one, the .Ultimator is ftill the fame. Thus 2aa^ 

is equally the Ultimator of a"^, of a* -|- ^*> ^^^ ^^ ^* — ^** ^^ 
— aaa** is the Ultimator of both — a a, and b b — a a. Whence 
it neccffary follows, that though two Ultimators ma/ be equal, 
yet we cannot infer from thence that their Subjedls arc equak 
Theorem XVII. 

« 

And if, as has been proved, the Ultimate of the Sum of any 
two Equations be thus me fame with the Sum of their refpec-* 
tive Ultimates, it neceflarily follows, that the Ultimate of the 
Sum of never fo many Equations is the fame with the Sum of 
their relpe<ftive Ultimates. Confequently, if ah Equation made 
up of the Sum of never fo many other Equations be univerfal- 
ly reprefented by A ± B a± Ca» Jh D a» + Ea* ± Fa* ± S^r. 
= o its Ultimate will be o + Ba* + 2Caa'*±3 Da» a** 4- 
4E a' a' ,4: 5 F a* a"" ± Gfr, =: o.. Whence arife the following 
Theorems, 

In every Equation, the Uldmator of Ac Sum or DifTerQno^ 
of any two Subjedls is the lame refpedively with the Sum or 
Dif&rence of their refpedive Ultimators. Theorem XVIII. 

In every Equation coniifting only of different pofitive Powers 
of the fame Variant, the Ultimator of each Term or Subjeft is 
had by multiplying it by its refpedive Exponent, and afterwards 
iubtrafting Unity firom its Exponent, and fupplying its Place with 
Unity, as a Power of fuch Variant, keeping the fame Sign, T^'pEO- 
REM XIX. And convertibly 

The Subjeft of every Ultimator confifting erf the fame Variant, 
(whofe Power i» poffitive) is bad by taking away its o Power, 
and afterwards adding Unity to its Exponent, and dividing the 
Whole by the Exponent fo encreafed, keeping the fame Sign- 
Theorem XX. 

G ' Thus, 



<f^ 



i 



• 



I 



\ 



4* -Of the ReduStion tf SiCT.Vir. 



" Thus, die Equation A a" i B a» ± C a^ ± Da* ± E a^i 

1—1 I— J 

Off . s= o has the Ultimate o J; iBa"^ a' i f Ca~T" a" 4: i 

1—4 '— t ^o Ca* Da' 

Da* a'i^Ea* a» ± &c. = o, or j^ — 7± — ^^i — ;^ 

2a* 3 a'. 4a^ 

Ea" J. JL 

-^ i &c. sso. Alfb the Equation A a*— - B a » i C a» s=:o,has 

r— m f r— n 

the Ultimate o — — B a""^ a° 4 — C a~ a** ea o, 

m ' n 

c r 

c B a»a* , rC a" a* 

I - =sO« 



ma na 



When a Subjedt coniifts of ievcral Terms with the fame Ex-^ 
poneat In common, we muft raife it to the Power always of 
the Numerator of the Exponent ; by which Means the Nume* 
rator of the Exponent will always be Unity, and afterwards pro- 

cecd as foHows. For Example^ let the Sul^ft be b x" ± ^ 7* * 
I 

Put b x" ± c y ' = z. Whence b x" ± c y' =i z'. Confequent- 
ly fTheo. 19.) m bx*— » x® ^ ncy»— * y** sr= rz'^— " z* ; whence 

mbx***—'x''+ncyn"^»v** „ z* bx"+cy"' 

jr\ ' ■ =*% But zr-i=~= ^ ^ r «s 

rz"^^* Z r ; \ 

bx^^+cy*' 

. . a Therefore IT* = z*, which 

rxbx^+cy" 

being the Ultimator of 2 muft therefore be the Ultimator to the 
given Subjed:. Hence 

Whenever the Numerator of the Exponent of aSubjed is Unity 
and pofitive. Let the given Subjed divide its firft Power, and 
miultiply the Quotient by the Denominator of the given Exponent* 
Then with that Produd divide the Ultimator of the firft Power 
of the Subjeft, and the Quotient will be the Ultimator required. 
Theorem XXL 

Proceed 
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Proceed we next to ihew how the Ultlmators muft be found 
to Produds made up of different Variants. In the firft Place then, 
let it be required to find the Ultimator of the Produdl a c con- 
fifting^ of only two Variants, Put a e = b e e, and a e ::?: c a a. 
W^hence a = b e, and e = c a, and acsssTbee-f-lc^t^- The 
Ultimator of which laft is (Theo. 19.) bce*-j-caa°, and confe- 
Quendy is equal to the Ultimator of a e. But b e =1;= a, and 
c a = e. Therefore thefe fubftituted for their Equals in that Ul* 
timator gireae°-|- ea® for the Ultimator of aCi 

Hence it will be eaiy to find the Ultimator of any Fraftion 



— s= y, whence x 
z ' 



y z: and by the laft Examplcx"* ssyz^'-f- 



zy*, or X' 



yz 



X* 



fore 



X ^ 

Z 



ZX' 



zy% 



•xz 



or 



.yz 



2 



But y 



X 

— , there- 



zz 



y* the Ultimator of—. 



:X 

or 



And hence again, to find the Ultimator of a Product ae z: 
of three Letters. Here a e = — , and a c**+ e a*' = , 

Z 7.Z 

2* a c* ^- z* c a^ = z x*^ — x z% or z* a c* + ^* ^ ^*' + ^ ^"^ ■* 

zx®, or again (iubftituting acz for x) z* a c* + z* c a** -f-^ ^ 

zz"" ^ssLzyL"". Then dividing by z, wc have zac* -|-zea*-f- 
a e z"" =: x"" the Ultimator of a e z. 



<So to find the Ultimator of aes z 



X. Here a « s =: —.and 

z 



A e s"" -j- a s e"" -j- ^ 5 ^ 



zx* — ^xz* 



t sa^ 



zx 



xz^'s or 



, or z* acs** -^z*a sc* 4"** 

.* acs^ +z* as e** -|- z'e s a° -f- xz* 



zz 



= z x**, or (again fubftituting aes z for x) z* aes"* -j- z* a s e* 
-l-z^esa** -[•^^S25z^=:z x?^ dividing by z, we have z ^ e s* ^ ^^^^^ 
4- za es e^ 4* ^ ^ * ^'^ H" ^ ^ * z"* = x* = the Ultimator required. 



G 2 



And 
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And thus, it is cafy to conceive, it will always be, proceed 
we never fo high. Alfo it is cafy to conceive, that as by mak- 
ing aes = y', whence aes** 4- ^ s c* ^-esa* == 3 y* y* and 
zaes^ +zas e*4rzesa*=: 3 zy*y*, and by fubftituting Equals, 
the laft Ultimator is thus reduced to 3zy*y*-|-y^2''=x'*. 
fo any other Subjcft bac"s* will have the Ultimator nbac* 
gn— I $• -{- ,m b a s** e»— ' e* + be* s* a*. Whence 

As often as the fame Variant Occurs m a Produd, fo often in 
the Ultimator muft the Produdl of all the reft occur with the. 
Ultimator of that Variant.. Theorem XXIL 

Let Ae Fraftion — = y^ Whence 5^ =r z* y, and by tH« 
laft m X"*— » x" r= n y z«-'« z* + z" y*, or m x°*— " »• — n y z**— ^ 



X X 

z"* = z" y"*, (,or fiibftitutbg — for y) mx"^— «x** — ri— z**— » 

»• = z* y% or m x»— * x^ — n — z* = z» y*. Therefore (dividing. 

. - mzx"*— «x* — nx"z* ^ t_ tti • -^ 

by z») we have - ■ ■ ^ , ^ ■ ■■■ =y = the Ultimator of 

-;. Which gives the following Theorem for finding the Ulti-. 

z 

mators of all Fradionsw. 

IBirji^ Mukipl3^i!ig the Ultimator of* the Numerator, by the firft: 
Power of the Denominator, and call that the firft Produfi., 
Secondly^ Multiply together the Numerator,, the Exponent o£ 
Ac Denominator, and the Ultimator of the firft Power of the 
Denominator, and call that the fecond Produft.. Tbirdly^ Multi- 
ply the Denominator by its firft Power, and call that the third. 
Product. Then fubtraft the fecond Produdl fi-om the firfti and 
the Remainder will be the Numerator, and the third Produdl the. 
Denominator of the Ukimator required. Theorem XXI1I«. 

For Example, let a Fradion b^ ^^ 1 Here Ae firft Pro- 

—-^ d — ^x* 

iM& i^ — 2xx!*xd — X =s — 2 dx x* -J: 2 X* x*. The fecondi 

PcoduO: 
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Produ<ft is p — X xXfx^x' =s — f p x' + f x» x'.. The third 

Produdl is d — ^x-^xd — ^x = d — x» . And the fecond Produdt fub^- 
tradlcd from the firft leaves — 2 d x x"" 4" f P x* + f x* x% There- 
fore die Ultimator required is ^" ""^ ^ 

d — ^x^ 

In negative Powers put bar* :s=: — = sy. Whence b = a" ^ 

and (Theo* 17, lo, ) o = n za»— " a* -1- a* 2% or — n z a«— » a? 

= a*z%, or (fabftituting — for 2) — n-a* = a*z% (or dividi- 

sL a 

nba^ 
ing. by a') HXZ== — aba— »— »a* =s.z* the Ultinutor of 

b a— ». 



Whence it appears, that m Negative Powers the Subje^ and 
its Ultimator are always of contrary Signs, but in every other Rc- 
iped are diredly formed from each other,, as in the 19th and 
zoth Theorems.. Theorem XXIV*. 

Next, for the Ultimators of Logarithims, Tt is known that the 
natural Logarithm of any Number reprefented by i 4- ^b is z — - 
rz* +7Z' — iz^-f-fz* — \z^ ^&c. the feme with na in 
the Refolutum to Confe^. i. Sed. IV. Putting the c there equal 
to. Unity and the n infinite, andt proceeding^ afterwards as in-> 
Confe£t. i. Se€t. VI. But the Ultimator of uut Logarith is z* 

— z z** -I- z* z* — z' z^ + 2:* z"" — z* z* 4- &c. = — ; — , as^ 
' ' ' i-f-z 

appears from Article 6. Sedt. 1^ (pattine i for the a there, z; 

for e, and z** for c). Therefore the Ultimator of the LiOgarithm* 

z^ 
of every Number i-f^as is —j-. Theorem XXV.. 

Hence it is plain from the Nature of Logrithms.. that the Uk 
timator of the Logarithm of the n Power of any Number li-f-z: 



nz*^ 



i& —7—. That is, the Ultimators of the Lo^ithms . of all. Powers. 
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of the fame Number are to another^ as the Exponents of thofe 
Powers ; Of as the Logarithms themfelves. Theorem XXVI. 

Hence again we are taught the Method of determining the 
Ultimators of Subjects, whofe Exponents themfelves are variable ; 
which arc therefore called Exponential ^antitiesy and are of dif- 
ferent Degrees, according as the Exponents themfelves are invol- 
ved. Thus, the Quantity, whofe variable Exponent is witl)out an 
fixponent iflfelf, as z% is called an Expmient%al of the firfi De^ 
gree. But when the Exponent itfelf is an Expotential of the firft 

Degree, as a*^ the Quanti^ is called an Bfoptmential of the fe^ 
xond Degree, And when that Exponent agrin is an Exponential 

of the iirA Degree, as a* ^ the Quantity is called an Exponent 
jtial of the third Degree. And fo on. 

» 
But obferve, that fince in thcle Operations we are obliged to 

onake Ufe of Logarithms, let the Logarithm of every Quantity 

h^ denoted by the Capital L fet before it, and its Uitimator by 

L . Thus L. c* denotes the Lagarith of of c% and L. c* its 
Uitimator. And again dbferve, that fince z* is the Ultima*or of 
j+z (Theo. 17J and the Uitimator of the Logarithm of every 

J^umbcr i-f-z is —7— fTbea 2$)i therefore the Uitimator of 

i-^z 

a* 
die Logarithm of every other vaaaUe (^antity a is — • Th£o- 

jiEM xxyiL 

Example i. Let it be required to find the Uitimator of c% 
iwhere c is invariable. Put c* s=: a* Whence L. C" = L. a. But 
(Theo. 26.) X ; i = L. cT .: L. c, whence L. c* = x x L. c = L. a; 

o o 

and confequently (Theo. 22.) x* x Lu e -j- L. c j=L. a, or bccaufe 



2- j^o 

.(Theo. 17.-) L. c= o ; therefore x* x L. c = L. a ==— (Theo. 27)-. 

a 

a* ■ 

But c' flcr a, therefore x* x L. c r= — . Confequently, c* x L. c 

^ X"* jc^ a"" is the Uitimator of c^ required* 



Example 
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Example IL Let it be required to find the Ultimator of «% 
where z is variable. Put z^ = a, whence (Theo. 26.) L. z^ =s: 

O o Q- ' 

LassyxL.z, and (Thco. zy.) L. a=^=: y^ xL,z4^y xl^z 

a 

y 

= y« X L. z -f- ^ «•. Confequently, fincc . a = z^ wc have z^'qs^ 

z 



2:t X L. z X y* -f- y zx— ' z* s=:- the Ultimator of i' required. 



Example IIL Let it be required to find tlie Ultiaiator of 

»^ =5 a. • Here L. z' ss L* a, a»d <Thco. 26O y' x L. z = L. 

a. But the Ultimator of y*, by the laft Example^ is y* x L. yx^ 
X* -j-^y^~' y • therefore the Ultimate^ of y*xL. z is y" x L. 

z X L.yxx*-f-L. zx x y^— » y^-l" y*>^~=^*^=""="^»'^'^^^c^ 

z a 2^ 



z* 



2* xy' xL.yx'X»-f- L, 2 x 2* x x y«— > y'4r2'' y*x— s=a* 
Ae Ultimator of z'^ required. 

And thus by ftill making the foregoing Example a Step to the 
next, it will be eafy to conceive how we may afcend to what^ 
Height we pleafe.. 

Now from all that has been hitherto inferred fi-om Theo. i6i 
we fee how neceiiary it is always to preferve each Variant ir^ 
the Ultimator under its o Power. For firft of all it is plain,, 
that without this we cou'd have no Means fi^om the Nature of 
the Thing itfelf, whereby to diftinguKh an Ultimator fi'om a Sub-^ 
je<ft. Whereas in every original Equation brought to the £uxie 
Variant with fuch Variant m any Term of it under its firft 
Power (or when it has not fuch a firft Power of its Variant, 
by bringing it to another Variant^ which has ^ as was done in the 
third Example to the 1 6th Theorem above) ; it appears that there 
is always this univerfal Difference between every Subject and it! 
Ultimator^ that in the former, the Exponent of the Variant is 
greater by Unity than in the latter. And afterwards by thus mu V 
^^y^^%> ^ we have done^ the whole Ultimate by the o Powc/ 

of 
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jof its Variant, it appears that wc arc thereby able ( which wc 
othcrwifc cou'd not be) to fubflitute in that Ultimate the Uki- 
mator of the Produdt or Quotient of any two or more other Va- 
riants, which may be equal to the Ultimator of any Term of 
the given Equation j by which Means only wc can determine 
the Ratios, which the Ultimate Values of different Variants bear 
to one another, according to the Conditions of the given £qua«> 
tion. For it is evident (from the Invefligation of Theo. 22 and 
23,) that we cannot otherwifc be able to expreft^^hc Ultimator 
ot fuch a Produdt or Quotient, agreeable to tlTc ^[laws of the 
Redudtion of an Equation to its Ultinmte. 

All whicli is no more than what neceflarlly refolts from this 
Confideration of Unity as the o Power of every Quantity. For 
Example, in any Ultimate Equation including the fwo different 
Variants a and e } fuppofe, after their Values are found, we have 
a=2x and e==3x ; then, it is plain, if we put a=:s whence e = |, 
wc have a* = i = 2 x : and if we pute = i, whence asf, wc 
have je'* = I s^ 3 X. Hence it follows, that in that Equation^ 
a* is in Power to cj as 2 to 3 ; tho* at the fame Time it be 
<:ertain, that in Q^antity a"* is to e"* only as an Unit is to an 
Unit. 

-Since therefore, as has fofficiently appeared, the whole Opera- 
lion of reducing an Equation to its Ultimate, depends upon the 
different Ratio of the Powers of its Variants to one another ; 
aod iince the Expreflions by thefe o Powers do actually as much 
imply the Difference of fuch Ratios as thofe by the fame Va- 
riants under any ether Exponent: It necefiarily follows, that to 
take away thefe Expreflions, by fubflituting Unity in their Stead, 
wou'd bring as much Confufion to the Work^ as to fuppofe any 
other different Variants the fame, when they chance to nave the 
fame Exponent 

It is evident then, as often as any Subjefl; eonfifls of different 
Variants Ex. gr. x, y, z, that the Expreflions x"*, y**, z^, in 
its Ultimator have the fame Difference in Power with the fame 
Variants under any other common Exponent x", y", z"; the firfl 
iis Leginning the Scale x^, x*, x*, x', &c. the fecond as be- 
ginning the Scale y°, y , y*, y', &c. and the third as begin- 
ning 
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ning the Scale z°, z", z*, «', &c. When perhaps they have n^ 
other common Exponent through the whole given Equation. 
Therefore the Exprcflion x°, y**, z**, I conceive may be each 
fitly eallcd the Peculiar Unit of its refpe(9ivc Scale of Powers. 

Hence every Vltimator may be defined to be, ^be proper Re- 
ference of each SubjeSl in a given Equation to the Peculiar Units 
of the Powers of all its Variants^ in Order to difcover the Ratios 
of thofe Variants to one another in their Ultimate State. Which I 
take to be the true Definition of what has been hitherto moft impro- 
perly and unintelligibly called a i%^x/c» by fome, and a Differen- 
tial by others. 

And here take Notice, that, in Conformity with the Method 
of Fluxions^ I call the finding of an Ultimator from its given Sub- 
jedt. The direSl Method of Ultimators\ and contrary wife, the 
finding of a Subjedt from its given Ultimator, I call, ^be Inverfe 
Method of Ultimators. Examples in each of which I (hall give 
promifcuoufly in the two following Sections ; but, according to 
my defigned Brevity, chiefly in fuch Cafes, where I think Things 
might be delivered in a muck perfeAer Manner, even under the 
Notion of FluxionSy or Di^erentials, themfelves. The great Defedt 
of both which Hypothefes is, that they adtijally are not (as (hall 
be efFedtually demonilrated by and by) the Foundation of that 
for which diey are taken. For a Fluxion^ (hould it be granted 
to carry fome fceming Analogy to the trae Foundation, yet in 
itfelf (See the Preface to this Work) it poffibly can have no 
Exiflence in Nature. And a Differential^ if it have any Exif- 
tence in Nature, can poffibly be nothing elfc, but fuch an Individ 
fible as is mentioned in the Beginning of the fourth Se6tion: 
And, if fo, then the Indivijibk «^M in the firft Confedtary of that 
SeiSion muft be a Differential. From whence it ncceflarily fol- 
lows, that the Differential of the circular Arch A V M = n a in 
the Refolutum there is equal to n dividing the whole Series z -{- 

II I I '^ 7 ^ 

-xtxz'-I — ^T-x^x — z 4- &c. which is abfolutely falfe, ac- 

46 '46810* ^ ' 

cording to the fuppofcd Nature of a Differential. • And thus the 
ingenious Inventors (whoever they were) of both thcfe Hypothe- 
fes, through this Ignorance of the true Principle, from whence 

H their 



5<» 
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their own Conclofiont do neceffiuily proceed, have broaght their 
Work under inextricable Difficolties: The former (to fay no 
worTe) by making an unintelligible Myftery of that^ which in it 
felf is clear ^ and the latter, by reducing a certain Troth to tlie 
Neceffity of a known Con di l i s ni^ W dtcf^^ 

In every Example of both the Dired and Inverfe Method, let it 
firft of all be obferved, that, before the ultimate Values of the 
Variants of any given Equation can be detemiined, the whole 
Equation on the fame Side nwft always ("Theo. ibl) be brought 
to the fame Variant, by fubftituting each of its Equals to the. 
#ther Variants, Theorbm XXVUI. 
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SECT. VIIL 
Of the firfi Applkatkn of Ultimators. 

E T VMN in the annexed Figure reprefentall Scmi^curves uni- 
virially whofe right Axis is T Q, From which every right 

Line T S, being fo drawn as to touch the Con- 
vexity of the Curve in the Point M without 
entring into it, is called a Tan^nt, to which 
the Perpendicular M R =r c, which again meets 
the Axis in R. is called tlie Normal. And to 
bodi thefe the Perpendicular P M to the Axis 
is called the Semiordinate, V P the Abfcifla,, 
TP the Subtangent, and PR the Subnormal. 
^ If then we always put PMsss, VP=^ 
and ^ V R = r, wc have PR = r — ti ;. 
and becaufe PR : PM = P M :,TP we have 




TP 



ss 



Alfo, becaufe PM + P R equals MR , in 
r — v ' 

Curves we have s s -|- r r — 2 rv-|-w=scc, orzr^ — 

»<- s s s=: r j: «— c c Tueorsm XXIX. 



aU 



Hence 
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* 

Hence it appears in all Curves with their concave Side to the 
right Axis TQ,.that the greater AbfciiTa VP has always the 
greater Semiordinate P M j and each are the greatcft that they 
poflibly can be to the fame Arch V M, or to the fame inter- 
■cepted Axis V R. Therefore the Subnormal P R, and confe- 
quently the Normal M R are each the leafl: that they 
poflibly can be to the fame Arch V M, or the fame intercepted 
Axis V R, Therefore if in the Uft Equation c and r be inva- 
riable, we have r* — c* an Ultimum. Confequcntly, the Ulti- 
mate of that Equation (Theo. 19.) is 2 rii»— 2 07 v**— 2 ss^ =0, 

or (dividing by 2) ss° =:r— *y x•u^ Whence V" : s"r=s:r— v. 
That is in all Curves, as the Ultimator of the Abfciila is to the 
Ultimator of the Semiordinatq ; fo is the Semiordinate itielf to the 
SubnormiaL Or, which is all one, as the Ultimator of the Ab- 
fcifia is to the Ultimator of the Semiordinate ; f^ is the Subtan- 
gent to the Semiordinate^ Theorem XXX. 

For Example. Suppofe V M to be the Arch ♦ of an EUipfis, 
whofe Parameter is 2 p^ tranfverie Diameter 2 d to the tranfverfe 

Vertex V. and confcquenrly its Equation is 2pv— E-yv=8«. 

Here Theo. lo.) 2 p v*— -^ w* as: 2 s s* : whence P^T*- 

^ ' . *^ d ds 

V =!8*. Therefore (by the laft) v« : E-^^ *• = s : P R, and 

and PR =2 p— E.v=sr — u Whence vssdx^^^, and r-— 

'^ d d— p 

1; ps p X 3 — = P R. 
'^ d — ^p 

Now m the Circle, we know that the Normal M R is always 
equal to the Semidiameter c = r = V R. Since therefore i Is 
the Semidiameter of the Circle, whofe Arch V M = U, and Se- 
miordinate P M = S in the fecond CoaTcdUry of S the iixth ce- 
ll 2 tion» 



* 5^^ EUipfis in tbi Affiniix. 
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lion, wc muft have c U ss: the Arch V M here, and i : c = 

^ : c S = the Semiordinate here. Whence if we put u = the 

u s 

Arch V M here, we have Ux=:-, and 8 = — • Which Values 

c c 

of U and S being every where fubftituted for them in the Re- 

olutum of that Confcdlary, and both Sides multiplied by c, we 

have V M = u here equal to the Series s -|- j— s'-| ^s* -f- 

OC iL O C 

__5_^ s' + -M— . s« + ^ } - s" + Gfr. Whofc Ultimator 
1I2C* ' I 52c* ' 2816c" ' 

(Theo. 19.) is s» multiplying the Series i4.-i^s»+^s*+-^«s«+ 

35 .« . 63 .., . g.1' ; ., I 429 ... . 6435 . 
i28c» "2560"' ^19240'* '2048c'* '32768c" 

-\- &c. Which laft Series is found to be equal to - 



o 

cs 



1 . ■ 


cc- 


— ss* 


u- 


u*. 




1 



ccs^s^ 



cc — ss* 
Therefore the Ultimator of every circular Arch V M is equal to 

cs* ccs*s® 

= u*» And the Square of that Ultimator is • — 

cc — ss 

Now from the Nature of the Circle we have vacc— 

cc — ^ss* : Whence (Theo. 17, 21.) we have v'* z=z . , and 

cc— ss* 

SSS^S* ecc«c« 

confequently V v' = . But s* s* + v' v" = s* s* 4- > 

^ ' cc — ss ' ^ cc — ss 

■ 

Therefore s"s* + ^•^• = u« u\ That is, in the 

cc— SS ' * 

Circle the- Sum of the Squares of the Ultimators of the Abfcif^ 
fa and Semiordinate is equal to the Square of the Ultimator of 
the Arch. But again, fmce the Ultimators s* and v" in the Equa- 
tion s" s» + ^' '^^ = ^* ^* ^re conncded with nothing particular 
<o any Curve, but the Ultimator u° of the circular Arch v M=q ; 
and fincc the Ultimator u* of the circular Arch Y M = u muft 
. infallibly have the fame Ratio to the Ultimator of the Arch of 
every other Curve univerially, which in the univerfal Equation 

ss*:= r — V X i;' = P'R X V" (^heo. 30.) the Ultimators of its* 
Semiordinate and AbfcifTa have to the fame univerially, and 

which 
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which its Subnormal P R has to every other Subnormal ; it fol- 
lows therefore that the Equation s* $• -j- '^ '^ = u"" u° is univerfal . 
But to put this beyond all Doubt^ we need only coniider, that 
in all aflignable Curves whatever, the fmallcr Part we ,fake of 
them, the nearer ftill does that Part approach to an Equality with 
its refpe<3ive Chord (fee the Beginning of the fixth Sedlion) : And 
in fuch aflignable Curves as do continually depart from their Axes, 
the farther alfo the Curve is produced from its Vertex, the nearer 
ftill does the Curve itfelf approach to an Equality with its Chord. 
It therefore rteceflarily follows, that every aflignable Curve in its 
ultimate State^ being infinitely either (hort or long, can be as 
nothing elfe but its Chord. Confequcntly, in every Curve univer- 
fally (fince the fame holds between its refpedtive Abfcifla, Semi- 
ordinate and Chord) The Sum of the Squares of the Ultimators 
of the Semiordinate and Abfcifla is equal to the Square of the 
Ultimator of the Arch. Theorem XXXI. 

Obfervc (Theo. 30.) that every Ultimator of the Abfcifla is 

5§o SS° 

nf s= =. -, and every Ultimator of the Semiordinate is s'^cs 

r — V v^= «JZ:2! v^ Theorem XXXH. 

■ II I 

s .' 

cc — r— -v 



If •therefore in the Equation (Theo. 31.) ^ ^ -{- if if z=.v? 

ss' s*s°s° 

u" we fubftitute , for v°j we have *" s" + ^^^^;^ = 

c»sV __ ^, ^o^ Whence = u°. That is in every 



cc— ss 



cc — ss" 



Algebraic Curve, as the Subnormal P R is to the Normal MR j 
fo is the Ultimator of the Semiordinate to the Ultimator of the 
Curve. Theorem XXXIII. 

Alfo, if in the Equation (Theo. 31.) s j^^^v* = u« xu» wc 
fubftitute ^""^ , If for s-, we have. '"—'" upnf^if 

• a cc— r— -V 

cc— r— V 
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cc c 
v^ ss ' — . -i/* V® = u* u*. Whence — v* = 

Y i. 

CC— — ^V ^ * 

^ cc- "-* 



c . • 

— v^ == u*. That IS, As the Scmiordinatc is to the Normal : 
s 

(6 is the Ultimator of the Abfcifla to the Ultimator of the Curve. 

Theorem XXXIV. 

But from the former of thefc two laft Theorems, we have 

cs* 

" = u* tmiverfally, juft as in the Circle. Therefore, if 

cc — ^ss* 

from the particular Equation of any Curve, we find the Value 
of the Normal M R = c ; the Length of the Arch muil be uss 

~6cc '40c* ^ U2c^ '1152c* ~28i6c'* ~ 

^^' ,,s 'H ''^.^''+-l^H—^''^f^^^ Theo. 

13312c'* ' 10240^** ■ SS7^S^^ 

REM XXXV. 

Hence^ becaufe in all fimilar Figures, the correfpondent Sidtt 
xt in the fame diredfc Ratio to one another } therefore from the 
Compofitum of Confed. 2. ScGt. VL from the given Length u 

of any Curve^ and its given Normal c» we have u •^- — x — u' 

,111^ I, III I I I,.-, 

H X X-r-X U*— X X X X-T— X u^ + &c. 

'2c^C4C5C 2C3C4C 5c 6070 ' 

ess. Theorbm XXXVI. 

Hence the Circle is as the Ultimate to all other Curves ; and 
(if we pleafe) we may carry them all to the fame Exadtnefs^ as 
is done in the fixth Sedion. 

Let it now be required to determine the Subnormal PR to the 
common * Cycloid, whofe generating Circle has the Radius V C 
c, and their conftnon Abfcifla V P = v. 

Put 



im^mmmmmmmm 



'^ 



♦ S^e Cycloid in the Appendix, 
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^S 



Put N P ^ s,. and M N cs= a, which laft by the known Pro- 
perty of the Cycloid is always equal to the Length oi the cor* 
refpondent circular Arch VN. Whence 

the Scmiordinate of the Cjrcloid is ^rj 

u+s. The Ultimator therefore of u, 
as the Arch V M of the Cirdc, being g^ o 

cs* " '" 



("Thco. 34.) u 



7 . Hence 

cc — ss* 
the Ultimator of the Scmiordinate 
M P of the Cycloid muft (Thco. 18.) 



be 



cs' 



1^ 



cs 




s»s 



AUbbecaufeVPesTsc — cc — ss* ; 
Therefore (Theo. 17.) the Ultimator 



of the Abfciiia is 



ss 



- ( Theo. 




3j). Coniequentlyy (Theo« 30.) 



ss' 



hr,: 



cs'^+cc— ss s* 



or 



(dividing by 



— ss»/ 



c -|- cc 



ss 



c -|. cc— ss» acu+s^u-j-s^ 



P R the Subnormal required. But c^cc — ss^' 

MPxPB 



BC + CP=PBj therefore 



NP 



PR. Whence it foU 



lows that the Normal MR of the Cycloid muft be always pa- 
rallel ro the Chord N B of the Complement to the Semicircle 
of the Correfpondent circular Arch N V : or, which is all one, 
the Tangent M T of the Cycloid muft be parallel to its corref- 
pondent Chord N V in the Circle. 

When the Ultimate of any one Part of a Subjcd plainly in- 
cludes within itfelf the Ultimate of every other Part; then, all 
the other Parts being rgeded, the Ultimate of that alone mufl de- 
termine the Queftion. Theorem XXXVIL 

Example 
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Example I. To determine the Dimcnfions of fuch a right 
Cone MVMP as fhall have a folid Content equal to the given 
Cube b', within the grcatcft Superficies, which a right Cone of 
the fame folid Content poflibly can have. 

Let the Radius M P = P M of the Cone equal a, and put 
il = the Circumference of a Circle whole Radius is r. Whence, 

V . becaufc r : q =: a : S. we have ^ for the 

A ^ r r 

Circumference of the Bafc, and 3— its Area. 

2r 

if^-j,^ And becaufe the Content of the right Cone is 

equal to the Produdt of the Area of its Bafe 

oaa 
multiplied by one Third its Height, we have f V P x -*-- = 

6b 'r 
bbb by the Qucftion. Whence V P = = the Cone's perpen- 

dicular Height. Whence again M P + V p**=3^^* + a** = 

q a 

M V, and M V multiplying ^ half the Circumference of the 

* Q * a* * r 

Bale eives ^ V^— = the convex Surface of the Cone. 

o aa ' 4rr 

w^ofe Ultimate of the Semidiameter a— M P, and confequently 

that alfo of the Bafe. Therefore the Square alone of that con* 

gb^ . q*a* , ^ m • . i8b* 

vex Surface, viz. V- — , whole Ultimate is -~ — r- a' + 

^ aa ■ 4rr aaa ' 

^ a* =^ o (Theo. 24, 19.) gives a=: b x^^ = the be- 

midiameter of the Bafe. 

From the laft Theorenx alfo we have the Method of deter- 
mining th& Ultimate of a Tangent, when the Curve is fuch 
(itz me two annexed Figures^ as to have in it a Point M of 
contrary Flexion : That is, when the Curve on one Side of M 

ha& 
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Jias its Concavity, and on the other its Convexity, towards tl^e given 
Axis. The former of which is called the Infiexim^ and the latter 
the Retrogrejton of the Cun^e, with Rcfpedt to that Axis. Thus in 
the former Figure the Curve be- 
gins with its Inflexion to the gi- ^j. TV" S R 
vcn Axis VR^ and has all its \ "^v^jv I / 
Tangents, ^during that Flexion, V -\ in_v|\j 
falling between T and V, upon V — -^?^ l~~^C 
the fame Axis produced. And in p/^p-^V>j ^^^S*'^^ 
the other Figure the Curve begins ^ 6 • J« 
with its Retrogrcflion to the given Axis VO, and has all its Tan- 
gents, during that Flexion falling between TPand V, upon another 
Axis produced from the fame Point V perpendicular to the given 
Axis VQ^ Upon which other Axis TR in the latter Figure, it is 
plain, that the Abfcifla V S is the fame with the Semiordinate P M 
upon the given Axis, and the Semiordinate S M the fame with the 
Abfcifla V P, Therefore, in all fuch Curves as thcfe the Ultimate s 
of the Tangent, Subtangent, Normal, and Subnormal are included 
(Theo. 37.) within the Ultimate of the Portion T V of the produ- 
ced Axis, which is intercepted between the Vertex V of the Curve, 
and the laft Tangent T M of that Flexion, But T V=T P— . V p- 



ss^ . . * s$^ 



Since then (Theo. 30.) PR= — ^ whence (Theo. 29.) 



'''' T P, we have T V ^""^ 



s« -^ - -' •' =■?--- = 



--'T— . P^t v<>=a, and s8e, whence T V = ^=^, the Ulti- 



s^ 



ee 



(becaufe 



ea^ 



v^=:a,ands®=e)sx \ And, dividing by s» we hare the Ulti- 

ee 



TV ea® «c 

mator of equal to ^ whofe Subjcd (Theo, 23.) is 

a V® 

— = — Confequcntlyi in all Equations of Curves. 

Divide the Ultimator of the Abfcifla by the Ultimator of the 
Semiordinate, and the Ultimate of that Quotient will determine the 
Length of each to the Point of the contrary Flexion, Theo- 
hemXXXVIII. 

I Exampk 
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Example 2. Let it be required to determine the Pobt M of con- 
trary Flexion (Fig. a.) to the Curve, whofe Equation is bv»=v»s-f b»»,. 
putting b equal to any Quantity affignable. 

Here wc have — ss « j where, at has been vaewn, 

v° bb+vv 
when a Curve begins wifil its Convexity towards the -given Axis„ 
the s becomes v, and the v becomes s to the Axjis of the Tangent^ 

2b?v°— fcbJv*v 

Whence (Theo. 38, and aa) ^e have .3""= o. There- 

^ bb 4" ^v ' 

ipre, Cdividiog by :ili: j) wchavc b^— 3^=0, orv*=ibs and 

bb+vv^ 
bvv ,. 

bb-i-vv * 
ExampU 3. Suppofc VMN (Fig. u) » be the Conchoid of Nicbo^ 
medes in which putting b= the Diftance (upon the given Axis) of 
the Afymptote from the Center, p= the Diftance (upon the famcj 
of the Afymptote from the Vertex, and a=p--v } let it be required 
to d termine a and s to the Point M of contrary Flexion. 

Here the Equation of the Curve is q^= pp— aa*. Whence 

H^ xaso+bsao J:^°. or (becaufc s = 

(Theo. 23, au) ^* = pp— aa ^ 

^ '' b-|-a 

<p^v \ M^xaso+fxH^xpi=^^ a«=:a£+Tx£^^° 
a ^ b + a' b-j-a 

.«.aa* — ■ k a'a" 

— — 7- ora* s" 4" bxpp — aa a" = — • b 4- a x -, ob 



s» 



pp — aa» * ' pp— -aa» 

— •a'— bpp 

■ the Ultimate of which laft (Theo. 38, 23.) t^ 

__ ppa'a" 
ftbjf— 3ba*— a' x ; =e. Confequently a'+3ba*=2bppi. 

ppa* — a"* 

tc (bccaufe asp— v) v* •— axb-^pxv'+S^^b-f pxpv=b-f-pxp*" 

Thus- 
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Thus, as it before was taught (Thco. 30.) how to find the Ulti- 
mate of and Abfciifa and its Senuordinatc to any given Tangent j 
fothcfe two laft Examples determine the fame (Theo. 38.) to the 
Ultimate of a Tangent. Which may fuggeft to us the Notion of UU 
timatorsof Ultimators, to be dcnotedas follows. Whcnany Ultunatora* 

a* is confidcr'd as a Sobjca, the Ultimttor «* «f that tmy be called 

a fecond Ultimator j the Ultimator a •? of that again, a third Ulti- 

00 

mator ; the Ultimator a of that again a fourth Ultimator, &c. 
The firft Ultimator therefore of a" is na«-« a' = na "-' z ; the 

Ultimator of na»-'z (Theo. 22.) is na"— • z "-{-nxn — ixza"— 'a's: 
na"— ly _|_ nxn— 1 xa"-"*z* ; the Ultim ator o f which (Thco. 22.) is 
nan— I y^nxn^ x y a*-* a» -f* 2nxn — 1 xa"— »zz» -j^x n---i 
xn — 2xz*a"— Sa*=nxa«— 'x-f-3 nxn — i xa''— *«y+'*^** — ^^'^ — ^ 
xa"-3 z' ; the Ultimator of which ^in (Thco.22.) isnxan-ix'-f n 

xn^ixa»-« a*x+3nxn— I xn — ^2xa'»-3 a»zy-f 3nxtt-~i xa°— ' zy* -|» 
^nxn — I xa"*— 2yz' -|-3n xn — i xn — 2 xa«^3z*?s'-f- nxn — i xn — 2 
.^iilTj xa"— 4a'z*=tna'»— ' u-}-4.nxn — i x a* ^* zx -f- 6a xn — i 
xn — 2 an— 3z»y-|-3xiv^ xan— 'yy+nxn — ixn — 2xnf--3xa»— 4z* 

Confequently (reftoring a* for z, a' for y=B z% a« for x say* 
c= z*\&c.) from the Subjeft a' the fi rft Ult imator is na«-' a* : 
The fecond Ultimator is/i\'»— • a*" + nxn— i x a"— « a' a* : The 



• ^BaMMa 



third Ultimator is nxa"— • a"" -f- 3nxn— Axa»-'a*a'-|-n — ixn — aty'f 
xa»^— 3 a^a*a* : The fourth Ultimator is nan~» a<>*'^4nxn — i 



_* ^ 



a"— 2 a^ a^'^-f 6nxn — ixn — 2xa^^3 a''a''a''^3nxn — ixa*"^a* a»-j* 

nxn — I xn— 2xn — 3 xa""~4 a^'a^a^a*', &c. Theorem XXXIX, 
After the fame Manner, the Subjedl a" e" has the firft Uldmator 

nia»e®~' c" -j- n e™ a^— 'a* ; the fecond UUimator ma" e"**' e* + 

o 

ne-an— • V -|-2mna «— ' e"— ' a'e» 4*'"*^'^^""' a'e™— ^c* e^-J** 
xn — I e" a"— 2 a" a" j &c. TheorExM. XL. 

1 2 S» 
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%o again the Sutjed — ^ (Theo. 23.) has the firft 

l31timator , ^ ■, the fecond Ultimatoi 

Bc'a»~"fl®^ — 2mnca»— «a*c* • nxn— ic'a"^»a®a'-|-nixm+iaVc*^ 



« * 



c>"^-» c"*+* 



.»-o« 



^"^,^^ , &c. Theojikm. XLL 

In which three laft Theorems, obfcrvc that when you fubfti- 
tute the given Numbers for n and m, that Quantity, whofe Ex- 
ponent by fuch means becomes equal to nothing, muft alwayjS^ 
have Unity fubflituted &r it, and not a* or e**. And if any of tlic 
Coefficients become equal to nothing,, that Term vanifhes. 

But to facilitate the Work, where we have Occafion for thefe fecond,, 
third, &€• Ultimators^ we need but coniider, that inevery Equation 
of different Ultimators we may afliime any one of them at Plcafure as« 
the Ultimator^of the laft Variation, which its re- In^ivc Quantity can. 
admit of, according to the Conditions of the Queuion. And if fuch* 
a one be the Ukimator of the laft Variation of its Quantity, it is evi-^ 
dent, that in itfeif it is henceforward iis an invariable Quantity, and 
muft continue the iarae through all other poiilble Variations of the 
other variable Quantities. And as fnch it may be diftinguifhed 
by a Point over its Head. Thus if ^ be a variable Quantity,, 

Aen let i' be the invariable ofits fiift Ukimator x°, x*" the invari- 

able of its fcccnd Ukimator x"", &c. For Example, if a variable 

■ 

x*y X *v 

Quantity, be cxprcfs'd by — ^s=^-^j then the Ultimator of that 



o 



Quantity (Thco. 13.) willbc x'yy' — x'yy° x°y°y° — yx'y 

Whenever tkcrefore an Ultiaiator is to be thus fuppofed iiiv^nable^ 
r/e muft for Convenience Sake, pitch upon that (lincc it is at our. 
Difcretion to pitch upon which one we pUafe,) which may brivig: 
Jie Equation to be exprefled in the eafitft Manner for Rcfolution, by 
(iejprcfling fomcTcrms, and cxtcriiUDatiDg othtis. Thborim. XLIL 

But 



< 
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But let it always be taken Notice, that die Point (•) here is ufcd 
in a quite different Senfe from the fame in Fluxions; And its Ufc 
will be farther fhewn, when wc come to the fiity-fixth and fiftyw 
ievcnth Theorems. 

One Ufe of this Theorem will appear in determining the Point 
of contrary Flexion to every Spiral Curve, i. e. fuch as continually 
varies its Axis about the Center C, having every Complement V C» 
M C, Sec. to its Ordinates, terminating in the Point C, till at lafk 
fuch Complement becomes equal to nothing in C* 
Suppole V M to be die Portion of fuch a Spiral^ Ft 

which has its Convexity always towards the Cen- /V ^ 

tcr C, till it come to the Point M, from whence . /hV ' . 

k begins to have its Concavity towards the Ccn- / \ / 

ter C. Let M Z reprcfent an infinitely fmall / m/ 

Part of that Concavity on the contrary Side to / Y /\ 

V. Then let T M be a Tangent to the Curve in / /K \ 

the Point M, meeting CT the Perpendicular / j/ \\ 

to CM in T; and letF Z beaTangent to the h^L J 

Curve in the Point Z, meeting C F the Pcrpen* \/ \ ^^.^"-"^ 

dicular to C Z in F. Alfo let M G be the Arch z ^a 
of a Circle with die Radius M C upon the Cen- 
ter C, and let T H be the Arch of a Circle with the Radius T C 
upon the lame Center^ 

Now Things being thus prepared,, it is evident, if the Arch 
M Z be infinitely little, that the Tangent F Z, and Right Line 
JL M mull both coincide with the Tangent M T, and at the fanrie 
Time the Subtangcnt CF and the Right-Line CL muft both 
coincide with the Subtangent C T. Confequently in that Cafe,, we 
have F H + H L = F L= o. And fince M Z (Theo. 31.) is- 
the Ultimator of the Curve j it follows, that M G muft be the 
Ultimator of the Corrcfpoiident circular Arch, whofe Radius is> 
C M =^y, and Z G = y^ muft be the correfpondent Ultimator of 
C M, and F H the correlpondcnt Ultimator of the Subtangcnt C T. 

PutMG = x', and (Theo. 42.) make x^ invariable 5 whence 

MG = 'x''- Then, bccaufe the Angles MCT and ZCF are 
both right, and M C Z = H C T, and in the Circle every Radius 
C G =iC M is perpendicuLr to. the included Arch M G ;. There- 

fbse 



6 J Of the firft j^pplkation Sect. VIII. 

fore the Angle M C T = ZG M. Again, J>wajifc of the infinite 
Propinquity of C Z toCM/andofZT to Z.F.wc have the Angle 
M C Z = F Z T = o } and in the Triangle M C Z the external 
Anele T M C equals the Sum of the two internal ones M Z C + 
MCZ therefore TMC = MZC==MZG. Confcqucntly 
from the Similarity of the Triangles M Z G and T M C. we have 

ZG:MG = MC:TC. or y : i' = y:^ a-T C. Alfo 

from the Similarity of the Ifofcclcs Triangles C M G and C T H we 
have CM:MG=^CT:GH, ory : x°sssxV: £JL_^jj 

Laftly. bccaufethe AngleLCT == M CN==o therefore MLC 
-- L T C = T L F. But the Angle T H L (for the Reafon a- 
b^ve) is right i whence the TrUngles T M C and L T H^are fimi- 

. .,, i*y XX X* x' x' 

lar,andCM:CT=TH:HL,ory:-i.= _-..--—:- 

Then F H being the UUinutot of TCeHC=— i muft 
{The^ 4..) live i-i-fy-xrj' = F a Confc<i»ently. 



fr 




«o. Whence y' y' + ^' ^'^7' V + ^^ ^^ == y'^- '^"^^ 

HEM XLlU. 

For Example, Let it be required to determine the Point M of con- 
tra^ FkxSto the Paraboli? Spiral, which is generated by the fame 
S wl" a common Paratx^la/whofe Parameter xs 2 p havmg the 
<-lrcumfcrence V N Q &c. of a Circle for its Ax s , ana 
^nfrue^^^^^^ its Serr&dinates N M. QZ, &c. wuh their rcfp«. 
?^e Complements M C, ZC are each together equal to V C the 
Kadius of that Circle, and do all meet m the Center C. 

Here outtin^' the elven Radius V C == N C = c, y N s= u 
N M = Tm C = G C = y = c - z. and the fuppofed infinite, 
lyfmall Arch MG^x^-x' (as in the two Uft Theprem^^^- 



Sect. VHI. 



of Uldoiators: 



H 



rariablc J whence NQ^==:u^,and ZG as y* : then th« EquaUonc^ 
the Curve will be2pu=zz=sc*«~2c 

y + y* 5 whence pu* = — c y* + y y^ 

And bccaufeNC:NQ = MC:MG, or 

c :i*'' = y : x**, we have yu*=cx*. 
From which two given Equations we 



have u* =s ^ 



- y = ciL 



Whence 



y*""^^ yo — X*, and y 
pc 



2cy**f-c*y* 




pp cc 



yp y* _ i* i**. But the Ultimate Value of M C= y from the 



Equation »— *- 



pc 



ni^\ 



X* gives 2 y y* y* 4. y * y 



o 
a 



o 



^Piby^ — c y** y* = o ; whence y y** =- 



2 y • f 



• o • o 



Confequently^ thcfe Values of x x , and y y^ being fubftituted 



in the laft Theorem give 
c— ay 



p*c*"-|-y* — 2 cy^ 4*^^ y 

p pec 



V V s^ 



y' y" 



Whence we have y* — 3 cy* + 3 c ■ y* 

,_c5 y* -J- 3 c* p *y = 2c» p», (or becaufe y=c— ^2)2*— - 
2 cz*-|-c* z' + 3 c* p* z = c' p*r 

Another Ufc of Theo. XLIL is in determining the Radius of an) 
involute Curve, the Meaning of which is as follows : 

Suppofe the Curve V C C C C have an Infinity of Tangents drawis^ 
to it in tlie Points C, C, C, &c. till we come to the Vertex V, andi 
the Length of each of the Arches V C, V C, V C, fee be laid up- 
on its rcfpcftive Tangent, from C to M ; then the Curve formed 
from the Point V through the Extremities of thefe Tangents M^ 
M, M, &c. is called an Involute with refpedt to the Curve 
V C C C C, which is therefore called the E volute* And each of 
thefe Tangents MC (which is always equal to the Length of 
the refpeftive Arch V C of its Evolute) is called the Radius of 
the refpcdtive Arch of tlie Involute^ Hence 



Every 



6* 



Oftbifirfi Application StCT. Vllt 



Every Involute is compofed of an Infinity o£ infinitely little 
Arches of Circles, whofc Radii are fucceflivcly equal to C M, 

1^ C M, C M> and the Centers arc the refpedive 
Points C, C, C, 8cc. in the Evolutc. Confc- 
quently, if we begin at the Point V, the Cur- 
vature of the Involute muft always decreafe 
from thence, and approach nearer to a Right 
Line in Proportion as its Radius cncreafes. 
Confeqaently every Radbs falls perpendicu* 
larly upon the Involute. Thborem XLIV. 




Let V F in the following Figure be the Axis of the Involute 
VMN, whofe right Semi-ordinate is MP=s, Abfcifla VP = v, 
Arch V M si u, Radius to its Evolute M C = q, to which T M is 
the Tangent : and put MG = z, to which Z H is parallel to V F. 
Then fuppofing (Theo. 31.) M Z to be infinitely little, we have 

MK = PZ = GH = v^ZK = s^andMZ = u^=:v«v•^-s^s^'•; 

and becaufe (by Reafon of fimilar Tri* 
agales)MK : MZ = TP:TM=MG: 

MC, or v^ : v^ v^+s^ s^ *=z : — x 

Whence 




v« v"" + s** s^* = q* 

(Theo. 42.) putting v^=v% we have 

z v° v° z^H-zz^s^s''+z*sV'' ^ 

— ^ ^^9^ ^ 

V°XV^V^ + S°6**' 

y ^ ^yoz^-t-z^s^s^ ^ j^ ^ ^^ y^^^^ p G is invari- 



E Ck n 



s^s^ 



;iblc,and PG+s = z; whence (by Theo. 17.) o+s^ = z^wc 
have z = ^lli^^ ^ -= M G. Confcquently, fubftituting this 



for 



Sect. VIU. ^fVltimatof^ 6| 

for z in M C =s -xv' v^-4- «^ s*^\ wc have M a y^v"4>sV ' =!Ci. 
Theorem XLV. ^*'"^' 

For Example^ let k be required to determine tlie Radiw MC of 
the common Hyperbola taken as an Involute. 

Here putting 2 p s= the Parameter, and 2 d=z the tranfverie 
Diameter, and s and v as before ; the Equation of the Hyperbola if 
adpvr|-pyv=rd s s. Or puttingy = d + v ; whence (Theo. 
17.) y^ =s v*"^ and v sss y — d, the Equation becomes p y* — p d* 



-JL r „ „o 



P 



Tvy 



ds». Whence J y* — pd = $, and — z. =s*:an4 



d 



I r -pd 



jnaking y' = ▼", (as m the laft Theorem) invariable', we hare 

P 
=- — P' f f ^ si And bccaufe ^ = •'. 




•whence ^^7^ y' y* = s" «» ; alfo becaufc y' y" = ¥•▼•, therefore 
iubftimting tbefe Values in the laft Theorem lllL+il!! -:MG, 



.«• 



w©ha!vc JJ: — — MG, But <Theo.3o.) PR=1^5 

whenocMR =MP-f PRss=s$ + J^ yy; Confequently 



^^-"TP ^'^-t Jjyy «gual8 — ^ And be- 

caufeMP:PR=:MG:GC, ors : ^s= — x8 «+ |^yy; 

I 
- K • f^ 
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pp.d.'dd'''' pp * 

jcsmfe PR;MRaxGC:MC,orPR;MRas ^^^^ =M 

IPP 

C, therefore M C ss sa= the Radios of the Involute re- 

PP 
quired. 

Hence, to find the Eqoadon to die Evolute V C of the Hyper- 
la V M, put V £ ss P G =: X =s the Ahfcifla of the Evolute, and 
£CssVP-|-GCsszits Semiordinate. But from the EqoadoR 

of the Involute, we have jy=s it — r^ and s 8 s= ^ "^ 

Therefore in the Evohite, we have VEsPGssMG — M Pes 

*'+^ syy— pps 



dd_ii_IL^l±£x£. ^ ^aEC=VP+GC 
pp dpp ^ 



^£ii. and r =. ^'j j:p* ■ Confoioemly y = d x.%^ 



j»nd 



^j •^. tf^ * 

Fr^ '• Whfch two Values of y and s being fubfti- 



d+p 



T 



tutcd m the Equation p y y — .,d d p=£ d 8 s give pdx |^t? 

dp = ^^ the Equation of Ae Evolute. Whence putting 

t« . * « a a 



diyiding 



d + p 



d d pxx 



"d.4- P 



J axui the Multiplication of all again by d+p' givea 

f 
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^ vCkuhators* 



:67 



d^ a *— dxd-|-p^s«ddpxx *^ = p * x d d zx *» and dividing 
all again by d the Equation of the Evolute becomes a^ — «« 



d-|-p^=M XX*, or aa'— dd4-2dp-|-pp 






1 

d 



XXX 



Or laftly putting z+d' = a a' = c% and xx ' 



u 



the 



Equation is c — d-f-p ' = -j- 



u« 



» • 



SECT. IX. 
72>e Menfuratim of Curve Surfaces and Sklids. 

TN all Curves (ftill keeping V P = v, P M i= s, and VEM=u) let 
y s= the Chord V M, which fubtcnds the VE M in the annexed 
Figure j whence v* -|^ s* === y*. Then, bccaufe it is plain that the 
Ultimator of the right angled Triangle MVP muft be fimular to 
the Triangle itfelf. Therefore, as the Semiordinate s is to the Chord 
y,; fb is the UUknator s* to the Ultimator y**, Confequently sy®=y.s^ 
But it has been fliewn that y** y*^ = v^ v«* + s^s^ =? u^ u^ : There- 
fore in their Ultimators s y^ is the fame with s u% 



Let 4}S now fuppofe the Arch V E M ss u to be turned round 
the Axis V P : and it is evident that the Ultimator of the Curve Sti.* 
perficies fo formed muft be the fame with that of the Convex Super* 
ficies of the right Cone, which is at the fame 
Time formed by the^Chord V M = y. But if 
we put b = 2 c equal to the Diameter of a Cir«- 
cle, whofe Circumference is q, then the Cir- 
cumference of the Bafe of that Cone muft be 



~- or —s, and the convex Superficies of the 



Cone muft be -^sy, the Ultimator of which . 

K2 



ZQ 



D 55 



-^t^B 



NN 


E 


\ 


^ 



laft 



I 

^ 



68^ Tb^ Menfuratutn of Ssct. IX. 

laft is ^ X sy' + ys", or bccaufe (aa^ has been fhcwn, s y" = y s«' 
= 8 u*; ^. u» = ^ X v*» v» -|r s» s°. That ifij as the Radius c of 



any Circle, whofe Circuml^ence is q, is to the Produft q s of that 
Circumference multiplied by the Scmiordinate \. fo is the Ultimator 

II" of the Curre, to the Ultimator ^ s u« of the curve Superficies 

which is formed by the Rotation of the Curve V EM about the Ab- 
fcifla V P. Theorem XLVI. 

Thus in the Circle, whofe Radius is c, where 8*=2Cv — vv.. 
(Whence 8« = ^""^ ^ ^\ and s- s' ^cc~2cv-f-vv ^, ^,^ ^^ 

2CV — VV* 2CV— VV 

1 

have 9^xTnF+F8^=2.^ 



2 CV VV* 



>o.,o^' •» n «fO 



^ . ^ ^ X c c v^v" = q V".. 

2CV VV* 

Whofe Subject q v is the curve Superficies about the AbfcifBi V P.. 

Hence, becaufe die Ultimator of every Curve, whoic Scmiordi- 
nate is 8,, and Normal to the Point M is c, when multiplied by s,, 

makes •s'+'^-h-g^ + TeTT* +7l8?^-^ 256c* 

OSS 

Therefore every fuch curve Superficies muft be equal to ^ — muli- 
tiplying the Series i + gV* +i|^+ tHp + 72^^ + 



»- - •' 



21 S 



1024 C 



48 

— 4-&C. Theorem XLVIL 



Hence again^ it will be cafy to conceive, that if w^c fubftitutc 

V for s (Theo. 46.) we have alike Proportion for finding the Con- 
vex Superficies, which is formed by the Rotation of any Curve 

V E M about the Axis P M = s, viz. As the Radius c of any Circle, 
whofe Circumference is q, is to the Produd: q y of that Circumfe- 
rence multiplied by the Abfcifia j fo is the Ultimator u^ of the 

Curve, 
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Curve, to the Ultimator 3: v u* = ^ x v^v^"+T? of the Superfi- 
. cies required. Theorem XVIII. 

Next to raife Theorems for finding the Ultimators of the Plane 
Areas and Solid Contents included within all Sorts of Curves, and 
Curve Surfaces formed from thence, fomething muft be premifed 
by way. of Lemmata^ as the Foundation; upon which the whole 
Superflrufture is to reft. 

Suppofe then a Series of natural Numbers i, 2, 3, 4, 5, &c.to pro^- 
ceed from Unity, till the Number of the Terms benj andA = 
the Sum of their firft Powers i -j- 2 -j- 3 -4-4 -4- 5 &c. to -|- « j 
B = the Sum of their Squares i + 4 + 9 4" ^ ^ Hh^5 ^^» to n* ; 
C = the Sum of their Cubes i -j- 8 -j- 27 -f- 64-I- 125 &c. to 
-|-n' ; D = the Sum of their fourth Powers to n* ; E = the 
Sum of th«ir fifth Powers to n' 5 F s= the Sum oJt their fixth 
Power to n ^ ; and univerfally Z = the Sum of tlicir m Powers 
to n*. Then if the Series be increafed to one Term more : that 
is, if wc make the laft Term and the Number of Terms equal to 
- I, it is plain, that the Sum of all the firft Powers fo increafed 
r be A -f- n + i, of all the Squares ,B + n* -f- 2 n -|- i, of all 

the Cubes C -}- n' -{- 3 ^* 4" 3 '^ 4" ^> ^^ ^^^ ^^^ fourth Powers D 
-f-n^ 4-4n*^4-'6n* 4-4n4- i, of all the fifth Powers E 4- n^4* 
^n* 4" ^ ^ ^' 4" ^ o J^* + 5 1^ 4" ^> ^^- ^^^ ^^^ Sum ot all the 

m 

m Powers will be Z 4- n4ri , or (putting m for the n in the 
third Scdtion, n for c, i for a, and the p, q, r, s, t, &c. there accord- 
ingly) Z 4" nn» 4" ^ n"*"^' 4" ™ p n »"^« 4* ^ P ^ n"^— 3 -|- m p q 
r n°*~4.4* m p q r s n«n— 5 4" &c*» But the Sum of all the m Pow- 
ers of the n 4- 1 Number of fuch Terms is had by the Addition of 

m 

their Equals to i.4^n , asfollow$: 



n- 
wi 
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-m 



i+i =1+ "^^ ^P^" nipq+ inpqr+ inpqrs+&c. 



-m 



i4"2 =:i4-2m4- 4n^p+ Smpq-j- i6mpqr-f- 32mpqr84-&c. 



-m 



1+3 =ti+3m+ 9mp-f*27mpq-f- 8impqr-f- 243mpqrs-f-&c. 



•m 



i4"4 = I +4"^+ i6mp+64mpq+256mpqr-|- I024ropqrs4- &c. 
^c. &€. 6cc. &c. &c. &c. &c. 

In fiimming up of which Seriefes, it is plain that the Sum of all 
the firft Terms or Units is n -f- 1 ; the Sum of all the fecond Terms 
m is A m ; the Sum of all the third Term£ m p is Bm p i the 
Sum of all the fourth Terms m pq is Cmpq; the Sum 
of all the fifth Terms mpqr is Dmpqr; the Sum of all 
the fixth Terms mpqrs^ isEmpqrs, &c. Whence we 
have this univerfal Equation n-|- i+Am-|-Bmp-|-Cmpq-|* 
Dmpqr -f" Empqrs +t &^c* 5= Z -j- n™ + m n »~» -j- 
m p n "»— ^ -f- m p q n«— 3 -f* m p q r n»--4 -^ m p q r s n «— 5 4-» 
&c. Confequentty, by making Z = A, and m = i for the firft 
Powers, Z = B and m ss 2 for the Squares, Z = C and m = 3 for 
theCubeSy Z=s Dand m &= 4 for the fourth Powers^ Ccc we Kave 



li-J-^ •~n4-i = 2A 



fi^i — n+i=3A+ 3B 



n+i — n4-i=4A-f- 6B+ 4C 



•5 



Ji+J •~n-j-i=5A+ioB4-ioC-4- 5D 

6 

n+i --41-f I =:6A+ 156+200+ 15D+ 6E 



n+i — n+i=7A+2iB+35C+ 35D+ 21E+ 7F 

8 ^ 

n+i — n+i=8A+28B+56C+ 70D+ 56E+28F+ 8G 

K+T '— n+7=9 A+36B+84C+1 26D+ 1 26E+84F+36G+9H. 

^. . &c. ^ &c^ 

Hcocc 
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Hence iij the Scries i, 2, 3, 4, 5. &c. proceeding to the Number 
of Terms n. The Sum of all the 

II 

Firft Powers A s= —n* A — n. 

2 ' 2 

Second Powers B s= — n • + -n* 4- -r"* 

3 ^ " 

Third Powers C = --«♦ 4 — n* 4- - n. 

424 

I " I 1 I 
Fourth Powers D =s -n* + — n* -| — n» n. 

5233 

Fifth Powers E = in* +4 n'+ -^ n*— ~ n». Theo. XLIX. 

6 '2 '12 12 

w 

Hence if any ailignable Quantity n be fuppofed to be divided into 
an Infinity of equal Parts, the Icaft of which is equal to Unity, and 
it be required to find the Sum Z of all the m Powers to every Num- 
ber of thefe Parts i, 2, '3, 4, 5, 6, &c. to n : in this Cafe it is plain, 
(See the Beginning of Scd. VI.) that not only the Unit one, but alfo 
every lower Power of n, and every Sum of them made up of any 
finite Number of A', B\ C, D", &c, are all taken together as no- 
thing with Refped to the higheft Po wer n° itfclf, Confequently ia 

this Cafe we mull uriiverfally have m -|- i x Z = n»+». Whence 
Z =] . ■ n™+» . That is the Sum Z of an Infinity « of m Powers, 
whole Roots are i, 2, 3, 4, 5» 6, &c. till we come to n the greateft 
is equal to Times the m-f i Power of that grcateil Term n. 

Theorem L. 

Upon which lafl Theorem the Foundation Is laid, for determining; 
the Ultimators to all Planes and Solids whatever, by the known Me-- 
thod of (Seft rV.) Indivifibles, For by this Time it may fuffici- 
cntly appear, that in every greater Area V M P within the fame' 
Reaanglc V Z M P. f See the lail Figure) the Abfcifla V P = v w 
higher in Power than the Semiordinate P M = s ; and convertibly in^ 
every Icflcr Area V M Z (making up rhe fame Rectangle V Z M P)> 
the Line V Z ==iS taken as an^Abfcifla is lower in Power than thc^ 

' • a ' Semiordinate- 
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Se:iii(udin?.tc Z M = v. And whenever thcfe are equal in Power, it 
is plain that V M can be no Curve, but muft coincide with their 
common Chord or Hypothenufe, and confequcntly divide the Rec- 
tangle V P M Z into two congruous right angled Triangles. Thcie- 
fore every greater Area V M P is more than half its circumfcribing 
Rciftanglc, and every Icffcr Area V M Z is lefs than half the fame. 
Theorem LI. 

If then in the greater Area V M P we make the Abfciflk V P = 

V = a, and its correfpo:^ent Semiordioate P M = s = a'j it is mani« 
fcft^ if a be fuppofed infinite, that the whole is made up of an Infini- 
ty of Semiordinates, each of which is the — Power of its rcfpedtive 

Abfcifla^ Confequently (putting a for n, and — for m in Theo. 48.) 

r t 

we have the greater Area V M P s= a ; whofc Ultimator 



r 



(Theo. 19.) is a ' a% or (reftoring s fora^ , and v for a) s v\ 
That is in all greater Areas, As Unity is to the Semiordinate, fo is 
the Ultimator of the Abfcifla to the Ultimator of the Area of the 
Curve. Theorem LII. 

So in the lefler Area V M Z, if we make ZMsss v= a\ and 
V Z = s = a ; it is alfo manifeft, if a be fuppofed infinite, that the 
whole is made up of an Infinity of Lines parallel to Z M, each of 
which is the r Power of its refpei^ive Diflance upon V Z fi-om V. 
Confequently, (^putting a for n, and r for m in Theo. 50.) WiC have 

the lefler Area V M Z = — I — a j whofc Ultimator fTheo. 

r-j- I 

19.J is a' a^, or reftoring v tor a' and s for a^ v t. That, is, in all 

lefler Areas, as Unity is to the Abfcifl!a of the greater Area^ fo is the 

Ultimator of the Semiordinate of the fame to the Ultiniaror of the 

lefler Arca^ Thjborem LIIL 

If therefore in the Ultimator s v*^ fTheo. 52./ we fiibftitute 
= — for v** ^Theor. yi.) wc have «v^;s: , 



tc — .ss* 
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c 



fic» 



T^256c' • ^I024c'« ^20480'** ^327X680" 

+ &c. Wh©fc Sttbjca is -i- «» + -^ 8*^+ -X. s'^ — !-«•' 
• ■'3c' IOC' ^ 56c* i 144JC' 

+ ^s"+--^s"+— 21— 3'»+-4J2 — »^ 74. 6435 

' i4o«c» 3J28c" 5120c" 35810c'* 62^92c" 

$'•+ &c. equal to the greater Area MVP of every Curve uriiverfallj^ 
whofe Normal is c^ and Semiordinate is /. Theorem LI V. 

In fiich foKd Spaoes (fee the laft Figure) as are generated by the 
Rotation of a plan Area, as in in the three laft ; whether greater 
(as MVP about VP or M P) or lefler (asM V Z about M 2 or 
V Z) always put b (as inTheo. 46.) equal to the Diameter of a 
Circle^ whofe Circun^erence is q. Then the Area of the Circle, 

whoie Radius is 8^ will be ^ ^ s^ and ikt Content of the Cylinder 
upon the fame Circle, whofe Height is v^ will be ^ s s tr« And 
the Area of die Circle, whofe Radius v, will be ^ v v ; and the 

D 

Content of the Cylender upon the fame Circle, whofe Height is t 
will be r V V s. Theorem LV> 

Alfo it appears from the Nature of a Right Cone, that every con^' 
vex Solid io formed niuft be more, and concave Solid le& than one 
Third its circumfcribing Cylinder. Thxorem LVI* 



x« 



Flrjl then. If the greater Area VM P (fee the the laft Figure) 

be turned about its Abfcifla V P, as a fixed .Axis, I call univerially 

the Solid fo generated. Convex V. In this Cafe put V P s= v = a, 

1 

and] P M to s = a^ (Theo. 51,52.) Whence (Theo. ^^^ the 

A^caoftheft.fcisga^,a«lt^« Content rfthe circomtribing. 

Cylinder 
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Cylinder i« u- * ' • Now if V^P ss a be coniidered as divided 

into an Infinity of Abfcifla i, 2, 3, 4, 5, &c. whofe grcateft Term i* 
V P =: a^ dien the refpe&ive Semiordinate^ to thoie Abfcii& will 



t 1 I t X 



be I ', 2 ', 3 \ 4 '» 5' , &c. till we come to a' , whofc 

% % % % % % 

Squares arei', z\ ^\ 4', 5'^ &c. to a \ And fince the 

Areas of Circles are alwajs as the Squares of their Radii ; therefore 
the Sum of the Areas d[ the Circles ot thefe refpedive Radii will be 

% s % % % 

equal to J- multiplying the Scries i ' +« '+3 ' +4 '+5 ' + ^c* 
b 

% 

to 4- a \ But the Sum of fuch a Series of — Powers, whofc 
i r ' 

kfl: Terms is a', (by putting a for n, andyfor m in Theor 

2+r 

|oO is — rr* * ' •" Confequcntly every Convex Solid V is equal 

to ^ ;c^a ' • Whofe Ultimator (Theo. 19.) is i- a' a^ = 
a+r b b 

^ s s v^ ; which gives the following Theorem* As the Diame* 

tor b of any Circle is to the Produft of the Square s s of the Semior- 
dinate multiplied by the Circumference q of that Circle ; fo is the 

Ultimator v^ of the Abfcifla, to the Ultimator ^ s s v® of every Ci?/r- 

xex Solid FTnzojiZMLYlh 

The Complement of which to its circumicribing Cylinder 

^ s s V muft give the Content of the concave Circumambient Solid 

Z, which is formed by, the Rotation of the leflcr Area V M Z about 
the fame Axis V P. And the Ultimator of their common Curve 

§upcrficics (Thco. 46.) is -^ s u". Theorem LVUI. 

Secondly, 
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Secondly t If the Icfler Area V M Z (fee the laft Figure^ be turned 
about V Z, as a fixed Axis, I call the Solid fo generated Concave K 
In this Cafe put V Z = s = a, and Z M ss v = a'- CTheo. 5 1,52.> 

Wjience the Area .of the Bafe (Thco. SSO ^* u" »•. . .'^^ ^^ ^^^' 

teiittof the circumfcribing Cylinder isia . Now if V 2 =3b a 

be confidered as divided into an Infinity of Parts i, a, 3, 4, 5, &c# 
= V D = A E, whofe laft Term is VZ = AB = aj then the 
zr Powers of their* refpcftive Perpendiculars DE, ZM will be 

I*', 2*', 3*', 4*% 5'% to the laft- Term a*\ = VP = ZM* 
And fince the Areas of Circles arc always as the Squares of -ihefe ^^'^^ 
Radii ; therefore the Sum of the Areas of the Circles of all di e ig ^^ 

' refpedlve Radii will be equal to ^ multiplying the Series i*' + 

2*' + 3'' + 4'' + 5*' &c. 4- a*^ But the Sum of fuch a Series 
of 2 r Powers, whofe laft Term is a*% (by putting a for n, 

and 2 r for m Theo. 50.) is — -p- a "'" . Confequcntly, every 
Ccncave Solid V is e<pial to — 'TT^T^^ • Whofe Ultioiator is 
i- a"a* = r-'^'y^ Whence, As the Diameter b of any Circle 



is to the Produft of the Square Z M = v 1; multiplied by the 
Circumference q of that Circle ; fo is the Ultimator s** of V Z 
to the Ultimator of every Concave Solid V* Theorem LIX. 

The Complement of which to its circumfcribing Cylinder 

% vv^ muft give the Content of the convex circumambient SoUd 

P which is formed by the Rotation of the greater Area VMP 
about the fame Axis V Z. And (putting M Z = d fixed, and 
M B =s 1; variable, whence E D = d — -i;) the Ultimator of their 

common curve Superfices will be -3—xd— -v, rcftoring v for 4 

in the Subjed. Theorem LX* 

La tbirdly. 
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■ • 

^tbirdlyy^ li tlie gfttater Area M V P (fee the laft Figure) be 
tamed- about its Semiordinate M P^ as a £xed Akis^ I call the 
iSolid^ fo generated. Convex M. In this Cafe put again MP^s 
ssa, and V P asr*i; =3s a' (Tlieo, 51. 52): whence (Theo. 55.) 

«the Area of the. Bafe is §- a*', and the Content of the circum*^ 

fcribing Cylinder is ^.a***^'. Now in the Concave Solid V it 

was jnft now ihewn that all its Semiordinates D E^ Z M (to 
the lame Axis VZ = MP=a = s) were i\ z\ 3'» JT* 4'» 5'» 
&c. to a'. Therefore every £ F, being here taken a^ a* Semi^ 
ordinate, as the Complements of all thofe to the greateft V 
P = Z M , muft give all fuch Semiordinates £ F equal to a' — 
1% a' — 2', a'— 3', a' — 4', a'— 5', &c. decreaiing ad infini^ 
tunty tilt all terminate in the Point M = a' -^ a' = o. Hence the 
Squares of aU thefe Semiordinates (or Radii of their refpe€tiv« 
Circles) arc a*' — 2 a' x 1'+ i*', a*'— 2a'x 2' + 2»\ a*' — 
aa' X 3' + 3 *'* ^*' — 2 a' X 4' ,+4*', &c. And each multiplied 

By ~ are the Areas of their refpedive Circles. But it is evident 
diat the Sum of all the firft Terms of thefe circular Areas is 
^xMP xVP =3-a""^*, the fame with the circunxfcribing Cy- 
linder. Confequently the Sums of all the reft, undfer their con- 
trary Signs, muft be the Complement of the Convex Solid M to 
tCs circumfcribing Cylinder -, which is the Content of the circum^ 
ambient Difcus^ formed at the fame Time by the Rotation of 
the concave Area MVZ about the fame Axis PM. Now the 

Tornier of thefe Sums is equal to 3. x 2 a' multiplying the 
iSeries i' + 2' -f 3' + 4' + 5' &c. + a', whidi (Theo. 50.) is 

2!i-x— -— a^"^'". And the latter is equal to §■ multiplying the 
b r-j-i * D i J o 

Scries i^' + 2*' + 3*'-[-4*'-|r5*'&c. + a^*', which (Theo. 50.) 

is3.x~i — a""*"\ Therefore the Content of the iaid Difcus 
b 2r-|-i ^' 

inuft cc^xxzi^y.^^'^'^^y^-^ z''+\ But obfcrve here, 

p r"T"i D 2r"+*x 

thaK 



\ 
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tihat the 2 a' = 2 ^ in the former Part of the former Term^ ifr 
always as invariable 6> all its variable Coefficients {viz. i\ 2\ 
3% 4,\ 5% &c.) as the fixed Coefficient 2 itfelf. Therefore (Theo. 42.) 

the £ttd Content is equal to BI x -i- »'+* —4 x ^^ 

b r-J-i b 2 r -{- I 

a^+i. Whofc Ultimator (Theo. 19.) is HI a' a' — 1 a*! aV 

b b 

or (evcnr where reftoring v for a' and s for a) 231. vs^-— i 

b b' 

^« s^ equal to the Ultimator of the Complement of the Convex 

Solid M to its circumfcribing Cylinder. But r- '^^ s® (by the laft 

but one) is die Ultimator of the Cmcave Solid Vi Therefore 
the circumambient concave Solid Z, which is formed by the 
Rotation of the lei&r Area V M Z about the Semiordinate P M,r 
is equal to the Difference, which remains after the Subtradion 

€>f the concave Solid V» found as in the laft> from the Subjed: 

f 

of the Ultimator ^^ v ^ j always obfcrving, that in finding that 

^ubjefi:, the Quantity v is as invariable in it felf^ as q or b, but- 
hot V. Theorem LXL 

Hence it follows, that the convex Solid M, which is formed 
by the Rotation of the greater Area V M P about the fame Se- 
miordinate P M is equal to the Difference, which remains, a£> 

ter the Subtradlion of the Subjeft of the Ultimator £9Z v s*^,. 

b 

from the Sum of the concave Solid V (Theo. 58.) added to the 
circumfcribing Cylinder ^vv%^ And the Ultimator pf the com^ 

mon curve Supcrficcs of thefe two laft (Theo. 48 J is ^ v u^' 
Theorem LXIL 

Fourthly, If the lefTer Area V M Z (fee the laft^ Flprc) be 
tun]!ied about the Axis M Z^ as a fixed Axis, \ call the Soli^,, 
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fo generated Concave M. In this Cafe (?is in the firft^ put MZ 

= VP = i; = a, and VZ = PM = s = a' fThco.. 51. 52.): 

Whence the Area of the Bafc and Content of the circumfcrib- 
ing Cylinder muft be the fame as in thp firft. Now in the 
Convex Solid V it was (hewn (Theo. 57.) that all its Semior- 
dinates A E, PM (to the fame Axis V P = Z M = a ;= v) were . 

i', 2\ 3', 4', s\ &c. to a'. Therefore every EB being here 
taken as a Scmiordinate, as the Complements of all thofe to the 
grcat^fl V Z = P M, muft give all fuch Semiordinatcs E B equal 

f IX 11 11 11 1 

to a' *— 1', a' ^-- 2\ a' '— 3', a'— 4', a' — 5', &c* decreafing 

1 f 
ad infinitum till all terminate in the Point M =: a' — a' = o, 
Jrlence tl»c Sqnarcs of all thicfc Semiordinatcs ( or Radii 

of their re fpcdtive Circles) are a r, — 2a'xj' +1', a"-—- 2a'"x2'-|- 



X 



%\ a" — 2 ax 3' 4- 3', a' — 2a'x4' -f 4', Gfr. And each 

multiplied t^ r- are the Areas of the Circles, ]3ut it ir ev'i» 

4ent that the Sum of all the firft Terjns of thefe circular Areas 

is ^>^MZ>cVZ' = ^x a""7" , the fame with the circumfcribing 

Cylinder. Copfequcntly thp Sums of ^11 the reft under their 

contrary Signs, muft be the Complement of the Concave SolidM. 

to its circumfcribing Cylinder, which is the Content of the cir« 

cuniambient convex Solid^ forpied at the fame Time by the 

Rotation of the greater Area MVP/ about the iamc Axis ZM» 

q 1 

Now the forp>«: of thefe Sums is .equal to ^ x 2 a' piultiplying the 

I 1 I £ I £ 

6cries r + 2^+ 3'+4'+ 5^ ^^* to + a ^ which^ (Theo. 50.) 

i Ji+r 

is i.ii:9(;-i-..a ^V And the latter is equal to S- .multiplyipg 
D J+r b * -^ « 

« t ft 2 ft ft 

|he Scries j"' -f ?' -f 3' -f 4* -f 5" &f. to-f a\ which (^Thco. 

!±£ 
^8,) is 2-xr--— ^ ' , Therefore the Contcjit pf ^ laid convex 

circumanibiea( 
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] !+5 

circumambient Solid muft equal £3-i x —I— a ' + ,— x — — 

^ b a+r b 24-r 

a ' ; But again obferve here, that the 2 a^ = 2 s in the for- 
mer Part of the former Term is always as invariable to all it$ 



variable Coefficients (vfe. i', 2', 3^ 4', 5', G?r.) as the iixcd 
Coefficient 2 itfelf. Therefore /Theo. 42 J the faid Content is. 

equal to 3Sf x-I^ a ' — 2 x ^ a ' . Whofe Ultimator 
^ b i+r b 24-t 



/Theo. loJisH! a'a^ 

b 



q a^ a<^ =H!s-u<> 
b b 



3-s s a;® equal 
b 



to the Ultimator of the Complement of the Concave Solid M» 

to its circumfcrilMng Cylinder. * But 3. s s -u® /Theo. $y.) is the 

Ultimator of the convex Solid V« Therefore the circumambient 
convex Solid P, which is foamed by the Rotation of the greater 
Area V M P about the Axis M Z .is equal to the Difference, 
which remains after the SubtraGion of the Convex Solid V, from 

the Subjc^ of the Ultimator 35!i. s v^ i always obfcrving the » 

fixed here^ a» the v before. Theorem LXIIL 

Henceit follows that the Concave Solid M, which is form^ed by the 
Rotation of the Icffer Area V M Z, ^bout the fame Axis M Z, is equal 
to the Difference, which remains^ after the Subtraction of the 

SubjcA of the Ultimator 2S1 s v% from the Sum of the Con- 
vex Solid V (Theo. 57 J added to the drcumfcribing Cylinder 
3- s s V. And (putting V Z = d fixed^ and V D = $ variable^, 
whence B £ = d •— s) the Ultimator of the common curve Su- 
perfices of thefe two laft will be --^--xd— j, reftoring s for d in 
the Subje<a. Theorem LXIV. 

Next, 
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Next, to determine 
Solids, as are formed 
fixed Diflance 1 from 
wholly, I call Mixtd 
taken out of each^ 
Height is the given 
ents^ Thtts> 



the Contents of fuch convex and concave 
by the Rotation of curve Areas, at the 
their refpedive Axes. Thefe when taken 
Solids^ and when the Right Cylinder is 
the Radius of whofe Bafe is 1, and the 
I »11 the Remainders fioiplj jimhi^ 



Firji^ If the grater Area V M P (fee the annexed Figure) be 
turned about the Axis AB parallel and equal to its AbAafla 
V P = -y, at the Diftancc A V = B P = 1. Then, proceeding 
with B M = 1 4- ^ dire^y as with 8 in Theo. 57, we have the 

Ultimjitor of tjip mixed convex Solid A equal to ^ xl-f- s ; from 

vhoie Subjed^ fubtrading the Cylinder ^ }^ ^> wp have the 
Convex Ambieitf YMP. Theorem LXV^ 

Andj if £^om the Cylinder ^ xl-f-s , we fubtrad the faid mix'4 

y Convex Solid A^ we have the Content 

£^ ^ j&f the Qoncave Ambient V Z M, which 

is formed at the fame Time by the 

Rotation of die \tfkx Area YMSS 

T about the fame Axis A B s= v. And 

(hp Ultifnator of their pommon curve 

jSfiperficics (Theo. 46 J will be 1 ' 
xJ-|-jj, Theorem LXVI, 

« 
r 

^emdly^ If the Icfljbr Are* V M Z be tunwwj aboujt the A»t 
E F prallel and equal to the Scmiordinate P M = V Z = s, at 
the Diftance E V = F Z = 1. Then, fMroceeduiz with E P = 1 
-j- V dircftly as with y in Theo, 59, vye havp the Ultimator. of 

Ijic |ni;>ccd poncayc jSoW P (wyial JlP i">*l-j-^ * ^^^ vho^ Subr 
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'fc&t fubtra^g the Cylinder r- 1 1 ^ ^^ Jiave the eorrefpondent 
concave Ambient V M Z. Thiorbm LXVU. 

And if from the Cylinder ^xl-f-'Z' we fubtrad the £ud 

mixed concave Solid E, we have the Content of the convex 
Ambient VPM; vrhich is formed at the fame Time by the 
Rotation of the greater Area V M P about the fame Axis E F 
s« And the Ultimate of their common curve Superficies will 



be ^ xl4--y--v. Theorem. LXVIIL 

D 

TbirJfy^ If the greater Area M V P be turned about the Axis 
GH parallel and equal to the Semiordinate P M = s, at the 
Diftance PG=MH=5:L Then, to find the Value of the 
concave Ambient M Z V, fomied at th^ fame Time by the 
Rotation of the lefler Area V M Z, about the lame Axis G H 
5=s, proceed as follows. Put G H = s r= a, and V P = v =:V : 
Whence the Radius of the Bafe V G is 1 + a', the Area of 

the Bafe is ^1* +y 1 a' 4-u"^*'> ^^ ^^^ Content of the cir- 

cumfcribing Cylinder is r- l*a4--i; ia' +r ^ • ^^^ i^ 

the concave Area V M Z, here as before all its Semiordinatcs 
N K to Z M are j\ 2\ 3', 4', 5', &c. to Z M = a'. There- 
fore every K O, being here taken as a Radius as the Comple- 
ments of all thofe to the grcatcft V G = 1 -j- a% muft give all 
fuch Radii KO equal to 1 + a'— i', l+a'— 2', 1 + a'— 3', 
1 4- a' — 4', &c. deCreafing ad infinitum till all terminate 
in the Point M = 1 -f- a' — a' = 1 = M H. Hence the 



Squares of all thcfe Radii are l-f-a' — aa'+^lxi'-f-^*'^ 1+a' — 

■ ' ■ * a — — — 

aa'4-2lx2'4-2*',l4-^' — 2a'4-2lx3'+3*% &c. And each mul^ 
tiplied by r- are the Areas of their relpcdive Circles. Bat it is 

q » 

cvicjcnt, that the Sum of all the Terms ^xl-f-a' of thefc cir- 

M ' cular 
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cular Areas is ^ x CHx VG* = il*a+^ la'+'+^ a"+', the 

circumfcribing Cylinder. Confcqucntly, the Sums of the two 
other Terms under their contrary Signs, muil be the Comple- 
ment of the mixed convex Solid M here^ to its circumfcribing 
Cylinder. Whence, proceeding diredly as in Theo. 59. we have 

-3xl4-*i^ X V s^ — ^ w s** for the tJltimator of the concave Am- 
b ' b 

bient M Z V formed by the Rotation of the leflcr Area V M Z 

about the Axis G H. Therefore the Content of every fuch Am*^ 

bient, is equal to the. Remainder, which is left, after the Sub* 

tradlion of the concave Solid V, (Thco. 59O from the Subject, 

of the Ultimator ^ x l+v x 1; 6% Theorem LXIX. 
And if from the Sum of the laft Cylinder ^xT+ST s ^ 



xl-fi; added to the faid concave Solid V, we take the Subjeft 

of the Ukimetor-r^xl+'i^xw^'i the Remainder will be Ae Con- 
fa 

tent of the mixed Solid H, which ^ formed by the Rotation of 

the mixed greater ^ea G V K M H, about the iame Axis G H 

r=s s. From which laft again taking die Cylindei r- H s, we 

Iiave the correfpondent convex Ambient M V P. And the Ulti- 
mator of their common curve Superficies (Theo» 48J will be 

^9^xl-fu Theorem LXX. 
b ' . 

Fourthly^ By proceeding again,, as in Theo^ 67. compared witlt 
Theo. 63, we fhall the iame Way find the Content of the con* 
vex Ambient M P V, which is formed by the Rotation of the 
greater Area V MP, about riie Axis C D =rv, to be equal ta. 
the Remainder^ which is left, after the Subtraction of the con- 
vex Solid V (Theo. i^^ from the Subjedl of the Ultimator 

^x4-sxs'y\ Theorem LXXL 
b s ' 

a And 
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And if from the Sum of the Cylinder 4-x 1-f-s added to the 
faid convex Solid V, (Theo. ^j.) we take the Subje<a of the 

Ultimator -r^xl+sxsi;^; the Remainder will be the Content of 

D 

the mixed concave Solid D, which is formed by the Rotation 
of the mixed Icffcr Area D M K V C about the fame Axis 

C D s= V. From which kft again, taking the Cylinder ^11% 

« 

we have the correlpondcnt concave Ambient MVZ. And the 

Ultimator of their common curve Superficies will be "-^^.^ + ^ — s. 
Theorem LXXII. 

Proceed wc now to give Ibme Examples to the foregoing * 
Theorems, . 

Example; i. To determine the Ratio of the »eater Area 
P V M, and lefler Area MVZ of tlie common * Parabola, to 
their circumfcribing Redtangle PVZM. 

The Equation of this Curve, is 2 p 'i; =: t s. Whence v sss 



Therefore 



6S 

ap' 

greater Ai-ea, we havev* 



- 6 S^ 
P 



and 



(Theo. 5 2,) $v^ = -s* s^ Whofc Sub- 



'.2^V, 




jeft (Theo. 50.) is — s*. Buts'= 

Therefore — s*=fsi; the greater Area 

P V M s and conicquently \%v equals the lefFer Area MVZ. 
That is, the former equals two Thirds, and the latter oue Third 
of the circumfcribing Redlangle PVZM. 

M 2 Example 2. 



* See Parabola in the /ppencUx^ 
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^xamth z. In the lame Parabola,, to detennlne the Ratia be- 
tween the circumicribing Cylinder and the convex Solid V \ 
which i> ibrmed by the Rotation of the greater 'Area VMP 
about the Axis V P = v. 

From the Equation of the Curve, we have 2 p v =s s s. Whence 
(Theo. 57.) b ; q X 2 p « == V* : -3E v a;» the UltHnator of the 

Solid V. Whofc Subjea i« ^vv. (Theo. 20.) But pvas^ss, 

therefore theContcot required is -^ssv, or ('Theo. ^^^ thf 

one Half of its circumicribing Cylinder. Confequently, the cii> 
cumambient Solid formed at the fame Time by the lefler Area 
V MZ (Theo. 58.) muft be the other HaML 

Example 3. In the lame Parabola, to determine the Content 
of the Solid V ; which is formed by the Revolution of the lef^ 
ier Area V M ^ about the Axis VZs= $• 

The Ultimator of this Solid, from apvssss*, is (Theo. 59. J 
-A. s* s\ Whofe Sttbjeai (Theo. 20.) is ^^ , or (fubftituting 

4 p» $• for $♦) the feme Subjcd is -^ «• s. That is (Thcp. ^^.f 

one fifth Pact of its circumicnbing CyHnde^ for the Content re-- . 
quired. Confequently, the Solid formed at the fame Time by 

gresEtcr Area: VMP (Theo. 60.) is ^ v* s, or four FifUis of th« 

fame Cylinder.. 

. EfcampU 4^ In the iiuae Parabola^ to determine the Content 
of thp conv;:^ Sol^d M; which is fcmned by the Rotatioa 
of the greater Area VM P, about the Axis PNf s^ s. 

Here the Sum of the circum£:ribbg Cylinder (Theo. gg,) . 
%vv s and ooocavc Solid Vequal to -^ v v s (found in the h£L 

Ezamplfi) 
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Example) is --3 v v s. And becaufc v = — j therefoir the Ul- 
^ \ S^ 2p . 

timjitor ^ vs'CTheo. 62,) is ?? s» s% whofe Subjed with v fix- 
b bjf 

cd is -^s', or (fubftituting 2 p « for $s) ^« v s. Which, 

fin 8a 

(Thcc 60O fubtraOed from the Sum — ? v v s, leaves — % v v $ j 

-' 5 D 15b 

or eight Fifteenths of the circumfcribing Cylinder, for the Con- 

teot required^ Qmfeqocntly, the Solid formed at the fame Time 

by the leffcr Area V M Z is -23. v v s, or feven Fifteenths of 

I5bt 

die circumfaibing Cylinder. 

■ 

Example $. In the iaous Parabola^ to determine the Content 
of the Concave Solid M ; which is formed by the Rotation of 
the lefler Area V MZ about the Axis MZ:^^;. 

Here the Sum of the circumfcribing Cylinder ^%sv and the 

convex Solid Vequal to -^ s s v (found in the fecond Example) is 

^ q s 8^ 

^ s s-u.^ , And becftufe in the Parabola ^* = — ; therefore the- 

ah p ' 

Ultimator ?S! s nf (Thco. 64.) is ^ s*s^ whofcSubjca with s 

b bp 

^d it --|^, Of (fubflitutjftg ^ p V fer^s) ^s*f\ Which^(Thco*- ; 

64.) fubtraflcd from the Sum ^ s* v. leaves -^ s* v ; or one . 

3b ' 6b ' 

fixth of the circumfcribing Cylindet^ for the Cbntent requked*, 

Confequently, the Solid formed at the fame • Time by die greatec 

Area VMP is IlS* v, or £ve Sixths of the circumicribing 

Cylinder. 
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Example 6. Suppofiog the forgoing Figure to be the Portion 

2CC C C 

of a common * Ellipfis, whofc Equation is —r v — -r-| w=s$j 

let it be required to determine the Ratio of the greater Area 
V M P and Icffer Area V M Z, to their circumfcribing Rcdangle 
P V Z M, 



d 



Here we have ^ = d xcc — ss*. Whence (Thco. 17, 21.) 

d ss^ 
^4^^ = -x _ . , and sv^ (Theo. 50,) the Ultimator of the 

^ CC— S8* 

d s* s® d 

Area required becomes — x - ; equal' to-- multiplying the 

^ cc — ss*^ ^ 

Scries 1 s* s« + -^ s^s^+ X. s^ s^ +, &c. Whofc Sulked is 

- multiplying the Series — s» + ^ — - s' + -r-r «^ +f &c. ( Sot 
Theo, 54J tlic greater Area required. 

Therefore when this elliptic Area is the Quadrant of an El- 
lipfis, in which Cafe s and c the Semiconjugate are the iamej^ 

its Value muft be equal to dc multiplied by the Series [- 

^ I 3 , 5 I 35 I 63 77 429 6435 , &c^ 
10 "^56 "^144 "^1408 "^3328 "^5120 '^35816 "^622592 "^ 
Confequcntly, if we put a for the Radius of a Circle equal to 
tiie Semitranfverfe of the Ellipfis here, and fubflitute that the 
fame Way for c and s, Theo, 54. wc (hall have the Area cf 
tliat circular Quadrant equal to d d multiplied hy the fame Series 

— I 1--^ + &c. Whence it follows, that the Area of every 

3 * 10 * 5 6 ' "^ 

Circle, whofe Radius is d, is to the Area of every Ellipfis, whofc 

Semitranfverfe is the fame ; as the tranfverfe Diameter of that El- 

lipiis is to its conjugate Dianieter. 

Exampk 7. 



\ 



♦ See Ellipfis in the Jppendtx. 
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EMarrtpJe /• Suppofe the annexed Figure AN VCto be the 
Quadrant of a Circle, whofe Radius V C z= d is the fame with 
die Semi-tranfvcrfe V C of the infcribed Elliptic Qjjadrant FM VC, 
whofe Semi-conjugate is F C -= c 5 and put V P =c v, P M = s, 
and P N s= 2. From whence let it be required to find the 
Proportion between every circular Area V N P, and its corref- 
pondcnt elliptical Arei V M P upon the fame Abfcifla V Pv 



In the Circle we have 2d^z^---DVf=:z». Whence c=2dr— w* ^ 



or (putting b = 2d) z =zhv — vv , 
and (Theo. 52J the Ultimator of the 



circumfcribing circular' Area k bv— >ui;* 



b* n* v^ 






2b^ 



8b* 



1 1 



^v* if yv* v^ 2JV 



V 



z. % 

128b* 256 b* 1024b 



X X 



u*v* 
16 b* 



&c. 



Whofe Sttbjea (Theo."2o.) ^b* 'o' lefs 



1 

«» 




V PD 



- multiplying thd Scries -4-^1+ Jilj. _5]:1. j_ , 
,{■ ^^ ^ 5 28b^7 2b'^7 04b'^r 



7 !>' 



664b*- 



+ 



' yv' 



2560b 



-|- Gfr. equals the circular Area V N P^ 



In the Eliipfiis (as before) we have s 



I7~ 

CX-j-t? 

d 



Id 



y or(puti* 



2C 



ting b = 2 d) 8 =: r^xlyi;^ — w . ^ ^ 

the Correfpondent infcribed elliptical Area V M P,. muft be the 

fime with the former Area irialtiplied by r- or j. Confequent* 

every elliptical Segment cut perpendicularly to the tranfverfe Dia- 
meter is to its correfpoiident Segment cut the &me Way from 
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its circumfcnbiog Circle, as the Conjugate Diameter a c is to the 
•Tranfverfe Diameter ad. 

Exampk 8. In the iame Figure, iuppofe FL D C to be the 
Q^rant of a Circle, whoie Radius F C s=: c is the fame with 
the Semi- conjugate of the circumfcribing Elliptical Quadrant FMVC, 
whofe Semi'tranfverfe is VC=d; andptttFB = FC — MP 
= x, MB=:VC— VP = y, ^d LB = z. From hence it is 
required to find the Proportion between every circular Area 
F L B and its correipondent elliptical one F M B opoa the iame 
Abfcifla F B. 

Here putting b=2c, in the Circle we have bx— x* sssz*. 
Whence as before, the infcribed circular Area F L B muft be 

±b* X* left ^ multiplying the Scries 1+ iil+ JEL+ J!L. 
+ &c. , 

And in the EUipfis, becaufe FBsxsste — s, and M B ss 
y =: d — V J the foregoing Equation of the Curve (by fubfti- 

tuting c— X for s, and d— y for v) becomes — x — xx 



12 XX* 

y y. Whence y = d x— x — — , or ^putting b s= a c^ y: 

c cc 



2 d - ■ 

_-xbx — xx\ Whence again it is manifeft, that the corref* 
b 

pondcnt circumfcribing elliptical Area. F M B muft be the fame 

with the former Area multiplied by -r- or — . Confcqucntly, every 

elliptical Segment cut perpendicularly to the conjugate Diameter 
is to its correfpondcnt Segment cut the fame Way from its in- 
infcribed Circle^ as the Tranfverfe Diameter 2 d is to the Conju- 
gate Diameter ac. 

Example 9. Let it be required to find the Content of the 

convex Solid V, (itt the laft Figure) which is formed by the 

Rotation of the greater elliptical Area V M P about its Semi- 
tianfverfe . V C* 

The 



Sect. IX 



Curve Surfaces am-Soliiis, 



'^9 



The Equation of the Curve may !>• -^v—^w==zss. Whence 
fTheo. ^y.) b ; ^ c c x-; — 



2qc*^^^ 



bad 



the 



dd • bd 

Ultimator of the Content required. Whofe Subjeft (^Theo. 20.) 
qc*^;* 



IS 



bd 



- OF ^ 



3bdd 



— x3d — V, Butt the circumfcribing Cy- 

q 



3bd 
Under of this Content (Theo. 56 J is ^ ssi;, or ( fubflituting 

2CCV cc-in; ^ . 2qc*d-z;*— ^c*a;' qc*'u* -tt ^ 

— 7— — -TT- for ssJ -i TT--* =^ ■ , ,; xod — 30;. Con- 

• d dd dd 3bd* ^ 

iequently, as 6 d — 3 v is to 3 d — 1;, fo is the circumfcribing 

Cylindcr^ to the Content of evciy luch convex 'Cllipdc Solids 

Hence, 

If this elliptical Area be the Quadrant V M F C, in which 
Cafe V is the fame with d ^ fo ^ that 6d — 3'i;=23 d, and 3d — 
v:=z2dy it is plain that die cylindrical Content muft be to 
tlie included elliptical one, as three to tv^o. 



Example 10. Let it be required to find the Content of the 
concave Sohd M^ which is formed by the Rotation of the com- 
mon leiler Hyperbolic Area V M Z about the Axis Z M parallel 
and equal to the Abfcifla V P = v. 

Here the Equation of the Curve * is — r — V'TI 

Whence proceeding diredlly as in the laft, Z 
the convex Solid V will ^be found to equal 



i^.x 



qc -y 



\ii xjdH-^^f and the circumlcribing Cylin- 



a M«ft 



qc"^; 



der equal to 3__ x6d4-3v. Therefore the ^ 
^ 3bd* ^^ M 




^m%% 



OC 17 

Sum of thefe two muft equal -Sv-p: X9d-|-4'y, Then the Ul- 

N 



timator 



• Stt Hyperbola iu tbt Appendix. 
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timator tlif $ «" (Theo. 64.) will.be £^*^x2dv-f«v*v»,or(putting 



I 1 



b=2d)*3!f xbv+w* v»=:iai<= multiplying the Scries b* r* i;»4- 



bd ' bd 



A Jl i S. *J »> 



— r r+ — I— ^ — ;+^ — r 77+^^- w^<*^® 

2b» 8b» i6b*^ 128b* 256b'' 1024b* 
Snbjca is i3if multiplying the Scries ibV +-1! !iL 4. 

72b* 7Q4b* 1664b* 2560b* ^ 

Therefore ^- is equal to -m- xbi;+vi;*s=s -^j multiplying the 

Series b^ t;^+-4 -•^+ -^- ^"^V 71^^^^^,. ^i-^'^\ 

2b* 8b* i6b^ 128b* 256b^ 1024b * 
4* &^* Which (multiplied again into the laft foregoing Scries^ 

inflead of -^, and reftoring 2 d £3r b) gives the fame Subje(fl 

QC*'^* 16 217* 

equal to -V-nr «nltiplying the Secies 8 d -| v — — j -|:- 

^^' ^^* + 48-"^ _ ^^^ ^^j ^j^jg j^ fubtradcd 



» • 



lojd* ^^SS^^ iboi3d* 

from the Sum ", . , yx^-\-\v leaves - . ., multiplying the Series 

~5 35d lofd* "^ ii55d' 18013d* ^^ 

Example 1 1 . Suppofe C V = d to be the Half tranfverfe 
Diameter of a common Kypcibpla, BC=DE = c its Half 
conjugate Diameter, and V P = v any Abfcifla of the fame with 
M P =: s it Semiordinate : It is required to find the Content of 
the Solid, which is formed by the Revolution of the Area BDVC 
about £C = c, as an Axis. 



Here 
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9« 



CC 




Here *he Equation, as before, is -r, x2d*y4-^v=ss. ^Whence d-}- 

^55j. -xcc+ss*. Bui (Theo. 67.)the 
c 

XJltimator of the Solid, whidi is formed at 
the fame Time by the Revolution of the 

Area AMDVC about AC, is ^ 

D 

■ a 

xd^-v , becaufe the 1 there is the f^me 

with the d here. Therefore, fubftituting ^xcc+ss for d+v^ 

we have S^V^^g—- f« ^ Ultimator of AMPVC. Whofc 

Subjeft is ^+^b^t 0€ ^making b=s 2 d; 1. q d s +^^ 

But in the ConteiA required s is the fame with D£aBBE=c« 
The Content therefore of the Solid thus formed by the Rota«i 
tion ofBDVC is{>qdc4-7<jLdc orfqdc* Which is two 
Thirds always of the circunucribuig Cylinder* 

Exampk iz. Let it be required to find the Content of the 
^lid; which is formed by the Rotation of the Area of the an**- 
nexed Semicircle ABB about the Axis D B, a Tangent per^ 
pendicular to its Diameter ABssacacb, at the Point & 

Here (Theo. ^^.) the circumfcribing Cylinder muft be qbc of 
2qcc or \ qbb. And fince in deter^ 
mining the fame Solid, die Solid 
which is formed by the Rotation of 
^e Icflcr Area E B D about D B 
muft be added by Theo. 68. and 
«gain fubtraded by the Form of the 
Solid. Therefore the Ultimator of 
the Complement of the Solid to its 
circumfcribi ng Cy linder (Theo* 70.; 

muft be x xc4-'y x *o s®. But in the 
b 

Circle bv-«-w=sss. Therefore, bcginfl'ng the Abfcifla v from A, 

Na the 




9^2. Tie Mmfuration of Sect. IX,. 

the Ultimator a v s^ equals -~ p -u® = ; x — . But 

bv— vu* ^* ib^ 



" -' . is equal to — multiplying the Series r 4- -r 4- rrr 4- 
^Z^^, br • 2b * bb* ^ 

;&+lTT. + .^+S + ®'- TKerrfot. multiplying 



thisbyr^xih-pu X — 7-^% we have the Ultimator of th'e^ 



Complement equal to — x^b+v mukiplying the Series Iw* v2 

b* 



2. 8h i6b* i2bb' zjdb* 1024b 






•*- ^95^ J _ Csff. Whofe Subjear is q b^v*- multiplying the: 

55eries i 4- "^ ^93^* ^^"0* ib'jjv* '^l^jv^ ■ 

J "T" 30b 2Sob» looSb' 11264b* 36608b' 

12780^* 2«Q8<yu^ M ^ y. . . 

ii^968Qb> "" 52224ob^ - ^^- Confcqucntly, bccaufc in the-Solid. 

required, , we: have A C = -y = c = f b, its Complement will be : 

qbc ,.,.,, , r> . . ^ ^ '9^? 220 

equal to— rmuluphed by the Series. 7 + 6^--77^ — y-^ 

^^37 3187 12789 „,f5i89,_.^^ There. 

180224 1 171 456 12779520 66846720 

fore, fubtrading- this from the drcumfcribing Cylinder qbc, -'Wrc- 

we have its multiplied by the Scries 60x2*^31 , 193 , 

^\ ■ '^ 60 ' J 120 ' 

2 

229 1637 3187 12789 25089 ^^ ^^^ 

8064 "^ 180224 "^ 1 1714^6 *^i277a52o "^ 668467 20 /• 
the Content required. 

Exampk 13. 
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Exam/Je 13. In the foregoing Figure, fuppofc the Arch FE 
to be defcribed with the Radius B E upon the Center B : Let 
it be required to find the Content of the Solid, which is tombed 
by the Rotation of the Semi-lunula A E F about tlie Axib aF. 

Here to find the Content of the Sem-fphere, which is formed 
by the Rotation of the Quadrant AEC about the Radius AC, 
beginning the Abfcifla from A to C, we have 201; — wzzzhs. 

And the Ultimator of the. Hemifphere (Thco. ^j.) is ^ss-y^ss 
^x2ca;^°— ^*v% whofe Suhjeft is ^xci;*— ^^'. But in the 



Hemifphere a;=rc. Therefore the Content of that is --• x3c3— c^ 
«=2-~ccc=i|qcc^ which is juft two Thirds of its circum- 
fcribing Cylinder ^ c c c. . 

Next to find the Content of the Solid, which is formed by 
tiic Rotation of the greater Area E F C about the Axis F C. 
Put indefinitely F C = v, and E C = s. Then jufl as before, we 

have the Content equal to r- xcu*-^ — tV\ ot— — — -7—. But 1; 

^ b ^ ' 2c 6c 

here is equal to FB~BC=FC=2^— ixc. Therefore ^^^ 

2G 

TL or ^^ . ^ — = v- X 1 6 — 1 1 x2 *^ is the Content of that Solid : 
6c 6c 6 " ' 

2 
which, fubdudted from the foregoing Hemifphere or -qcc leaves 



^ XI 1x2* — 14 for the Content formed by the Semi-iunula, as 
6 

required. 

Example 14. Suppofing all Things ftiil as in the lame Figure; 
let it be required to find the Content of the Ambient Solid, 
which is formed by the Rotation of the greater Area FEC about 
the Axis DB, at the Diftancc CB = ED = c. 

Here 
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Here it it plain, that FB a= E Bs= G Bs= 2 c c\ Whence, 
by the Anfwcr of the laft Queftion, the Solid formed by the 
* i. 

Rotation of the Quadrant BFEG about GB=:2cc^ mufibe the 

Hemifphere -?x2cc*. Then, putdng ^ =s: any Abfcifla from 

G towards B whole Semlordinate is $» the Ultimator of the Solid 
formed at the &me Time by the Rotation of that greater Area 

about GB (Thea ^-j.) Is 3. ^^^\ But the Radius of this Circle 



bemg 2 c c*, confequcntly from the known Property of the Crete 



^GB— GDxGDssED we have 2vx2cc*—vi;=ss. Whence 

ql ^'- 

***»•, w*^^<..v^ ^^.•^^^ — X2X2CC* f;-l;•—-l;•-l;^ Whofe Sub* 

b 



( ; 

jedt is 2- X 2 c cH;* — j-i;3. Therefore, if we put s= E D == c j 



whence GD=st;=± ace* — c^ the faid Subject will become 

/ ^^^^ 

3 x4C*x2cc^— 5c' equal to the Content of the Solid, which b 

formed by the Rotation of the Area D E G about G D. To 
T^hich, if we add the included Cylbdcr ^c» formed by the 

Rotatioa of the Square B C E D about D B, we have 23 

3l> 

^2ccx2cc* — c* =^x2 cc*— c', Which Sum being fub- 

3b 

tradVcd from the Hemifphere ?9 x 2 c c* leaves ?3 c c c, the very 

3b 3*> 

ifame with the Hemifphere in the lail Queftion^ for the Con- 
itcnt required in this. 

• • • - ■ ' . 

Otherwifc 
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Othcrwifc this laft Queftjlon may be anfwcrcd, as follows. 
Draw any Semiordinatc H I =. 3 pai4llel to F C, whofe Abfcifla 

h £ I =3 D K s= V. Whence, becaufe G D = 2 c c* — c we 

I 

have GK=32cc»— .c-fv, HKasc+s, and 2GB— GKrs 

2 c c\-|- c — u Therefore from the Property 6f the Circle 

2GB — GKxGKscH K we have Qt^2Qv^^vv=i c^\ ^ 
But ^Theo. 65.) the Ultimator of the Solid formed by the Rp* 
tation of the greater Area IHC about the Axis D K, at the 

Diftance I K = c =s 1, is i xc+s* v® ; which is here JL 

b b 



xccv®-|-2ci;i;^ — v^nf. Whofe Subjed is 3. xc*-z;+^'^* — i""^'* 

If therefore the EI=s=i; here, be the feme with E C = c, as 
18 fuppofed in the Queflion ; then the faid Subje£t muft equal 

-^ X 5 c c c. Confequently, when the included Cylinder -3. c c c, 

as before is fubtrafted, we have --9ccc for the Ambient Solid 

3b • • 

required, the fame, as before. 

Example 1 5. Again in the laft Figure, fuppofe G K == ^y to 
be any. verfed Sine or Abfciflaj whofe Sine or Semiordinate is 
HKss, in the Circle whofe Radius is FBc=GB=c=:ib5 
and let £ I be a Part of any Chord parallel to G K, and H I 
a Part of HK, whofe Complement to HK is IK=:ED = K 
It is required to find the Content of the convex Solid, which 
is formed by the Rotation of the greater Area I£H about tlie 
Line £ I, as an Axis. 

Here HIssHK-- IK=:s-— 1; or becaufe from the Na- 



ture of the Circle bv— «*=$», therefore HI=£bv — w*— 1. 



And for the fame Reafon, becaufe bxGD— G D 
therefore GD=r4^b- 



ED = 1 1. 



i b b — 1 1* } and confequently D K =3 v 
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— :b+ibb — 11* = EL Whofc Ultimator (Theo. 17.; is -i;% 
the fame with that of the AbfcifTa GK. But ("Thco- ^S^) As bis 

^ ' f i • 

to qxH I or to qxb^z^ — r-y*=l , fo is t/* the Ultimator of EI 

Q 2ql 1 1^ 

to qw"" — -^v^v^ — ^xhv — ot;* -y^ 4" — 11"^% ^^^ Ultimator . 

b b b 

of the convex Solid about E I required. The Content therefore 

required muft be equal to i- q-u*— -3. a;'4"— ^ ^'^ ^^^^ ^ ^ 

3b b b 

multiplying the Subjcdl of the Ultimator hv — ow* v°. "But it 
appears from the Anfwer to the feventh Example above, that 



I. 



the Subject of b^ — w^ iv^ is f b*^^ lefs — multiplying the 

b^ 

Scries -+4r+-^+-^^ + Csf^. Therefore the Content 
5 ' 28b ' 72b' ' 704b' ' 

'ffcquired muft be equal to qv* x-J— ^— qli* ^^-7'~u added to 

:the Product of q 1 -y x— multiplying -the Series — 4 — »- — h— r;— 

hi 5bT,4b*^36b' 

■^352b*'^"832b»"f' 1280b* nr^^' 

Example 16. Let it be required (See the Figure of the Cy- 
cloid, atter Theo. 36.) to find the greater Area VMNPV of 
the common Cycloid, the Diameter of whofe generating Circle 
is VB=:2C=:b, Sine NP==s, Abfciffa V P = -u, and cor- 
refpondent Aich of the Circle is NV=u, 

Here, according to the known Property of the Circle, we hav^ 



cv"" — w'' 



s :=bv — vV; whofe Ultimator (Theo. 21.) is _ - " i ; and the 



2ci; — rv'' 



.Ultimator of jjie correfpondent circular Arch NV (Ihco. 34.) 

is 
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ift ^7^3* V Bat ia the Cycloid^ the corrcf- 



■ ■■ '■■ 



2ci;— -w* 2xbct^-— w* 

pondent Semiordinate M P = O V has always the Part MN equal 
to the LfCngth of the correfpondent circular Arch N V, and the 

other Part NP=is.' /Therefore (Theo. i8.) the Sum ■ ^""^ 

+ _. rg= — r muft be the Ukhnator of the Cy- 

-cloidal Semiordinate M P = O V. Whence (Theo. 53O we have 
I :v zss ; : T ^ the Ultiautor of the concave 



Area OVM equal to hv — w* v®. Now for finding the Uiti- 
tnator of the convex circular Area NVP, we have (Theo. 52.) 

the Proportion, as Unity is to the Semiordinate sz=:\yv — vv^ -, Co 

is V* to bv — vv» V®. Whence it appears, that the Ultimators of 
the concave Cycloidal Area OVM, and its correfpondent convex 
circular Area N V P are .always equal, and confequently, fo muil 
the Areas themfelves. But the Area of the Parallelogram MOVP, 
which is made up of the Sum df tiiefe two Areas with the 

included . mixed Area MVN is equal toMN-J-NPxVP or 

■ * 

u 4* s X V. Alfo the Area M V P is equal to the Area of the 
Scftor N C V N lefs the Area of the right-angled Triangle NCPN, 



or to ixu — $• Therefore the Areas OMV and NVP 

are together equal to cu — cs-f-vs, which Sum being fub* 
tra€ted out of thie Parallelogram M O V P jor u v -|- v s muft leave 

ov+cs — cu or 11 V— -cxu— « equal to the included mixed 
Area M V N. Confequently, the whole convex Cycloidal Area 
VMNP'V required, is equal to vu — t^^ + tV s — |c s. 

Hence, ifv = 2c = VP> whence VN B = AB = u=: j- q 
or half -the Circumference of the generating Circle, and s= o. 

O "^ Then 
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Then we Have the concave Area Q,VMA equal to llie Area^ 
of the generating Semicircle =^qc; and ^te induded miired. 
Area AMVNB or uv-f-cs — c u ={. q x 2C-|-c x o— |qc 
= ]- q c equal to the Area of the whole generating Circle« 

Example 17. Let it be required (fee the ianM Figure as in» 
tlie lail) to find the Content of the Solid, which is formed by 
the Rotation of the greater cycloidal Area MVPM about the 
Scmiordinate M P, all Things being reprelbnted, as in the lail. 

Here the Content is the fame with that of the convex Solid^ 



M (Theo. 62.). If therefore, we fubilitute - \ v^ the Ulti- 

mator of MP for the $• there, we hxtt ISlv^^UfZlTL v» — 

b r -'- 

bv — vv» 

qy^bv— yv ^. _ HLxW^ v^ — Jl.xb;:irv^Vv- the Ulf 

b r \ b b ^ 

bv— vv* 

dmator of the circumambient Solid formed at the fame Time iif 
the Rotation of the concave Area MOV M about the ikme 

Axis MP. But the Subjed: of the Ultimator bv — ^vv* v^ (fee the 



f I 



Asfwer to the fcventh Example is fb^v* v left the Produ£tof v^ 

r! multiplying the Series JLf ^+-Il +^ +^^[1, + 
j^i ^^ ^ y^28b^72b*^^704b?^i664b* ^. 

— ^— Tj + ^^- And confe^iently the Subjed: of bv— vv* v v* 
(as this and no odier Difieitflce from the ethei^ but the Moki* 
plication of ^the Whole by v) muft bc-b*v*v* lefs theProdud* 

of vvx^ multiplying the Scries I.+^4-^Zl+ ^ + 

■ ^ . ■ + fl '\, + &c. The foraier Subbed therefore bein?: 
1920b* 8704b' ^ ^ ^ 

multiflied 
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' ... . • • 1 

-multiplied by 't3.~k eqtiil to * " , ■ le& the Produd of 

SllX: multiplying the Series ?I+ J!l +-4- H — ^^ + 
.. l,i ^^5 .5b^ 14b* ~36b' ^ .352b* ^ 

l|^^,-i — gui 4"&c jFor the the Whole of which put X. 
And the latter SubjeA being multiplied by 3 is equal to 

^H^ ^* Icfs Ae Produd of ^ ^ . multiplyiBg the Series -7 -+• 
Shk . bi ^' 7^ 

Iw. U^'^Ll ^''V> +p^^+^^' For the Whole ofwhieh 
30b* ' 832b* ' 1920b* ' 8.704b* ' 

put Z. Then (Thco. 19.) the Sqbjedl Z piuft be the Content 

" of the Concave Solid V, which is formed by the Rotation .of 

$he leiler cycloidal Area OMVO about the Axis OV. And 

this added to the drcumfcribing Cylinder 3— x M P sss ^-7-- •+• 

, • makes ^-xu+s t|- Z ; from whence X being fubtraftci 
^Theo. 6o.) we have the Conteot required* 

I 
If therefore v ss: b sss V B j whence u *= — q, and s ;= o ; then 



2 

2 



•we have Zsss — qb* Icfe the Produd of qb* multiplied by- 

-J 

A 11*1 c y 21 
nhe Series — i-— -L-- 4.^2^ -i.—^ l-i L fij;c. or qb* mul* 

7 * 36 ' 88 ■ 832 ' 15^20 ' 8704 ' ^ 

^plied by the Series ■ ■■■ . ■■ ■ ■>-7,— > ^ ■■ >' ■ • "■*- — « 

^ ^ 5 7 36 88 832 1920 8704 

^c. equal to the Content of the Solid, which is formed by the 

Rotation of the cycloidal Area A Q^V M A about the Axis 

Oy. And for Siyj^ u-f s + Z — X, we have the Sum of^ a 

tq'b added to the Produdt of qb» multiplied by the Scries - 

5 



koD 



TZesAfm/urafiM fif 



Sbct^ IK?, 



7 36 88 832 1920' 



21 



&704. 



&c«. From whence ful^ 



trading, the Prcxiudl of qb* multiplied by the Scries 3:— — 



7 
832 



&c. we have the Contoit of 



^4 3^ 352 832 1280 

the Solid, ivhich is formed by the Rotation of the greater C^ 

cloidal Area AMVBA about the Axis A6. 

Example i ff. Let it be required to determine the leffer Area 
of the ♦ Ciflbid of Ducks ; which is contained within the Diar 



meter VX==b of the generating Circle, the CmVe VMQ &c. 
and the adjacent Afymptote XABE &c. each produced ad 
infinUum. 



Here (putting PV: 
V Z .S X 



r, and' P M s= ») the Equatsi 

sss 




Cunre is 



vv#. Whence 



s 

si 



s 
ss 



V or 



(Theo. 51.) 



bs— -ss* 
s*s^ 



b — a* 

▼. Confequently^ 

- will be the Ul. 



bs: — ss» 

be ibfier Area 



6S belne the lame with bs— bs 

bss^ 
therefore the fame Ultimator may be exprei&d by 



bp — ss , bss^! 

bs — ss* b s 



bs 



ss*s?* 



bs— -ss* 
And if we put s for the AB- 



fcifla V Z of a Circle, whofc Diameter is^ b = V X, and con- 

fequently, its Semiordinate ZL = bs— ss% we have (Theo. 50.) 

biiri;' so equal to the Ultimator of the greater circular Area 

.^ VNLZ. 



• See Ciflbid in tbt Jfftndlx. 



itCTi VC Cur«ye SuHke^, - ^a/ Solids. lo i 

y NL Z. Agaiq, the Area of the Triangjie V L Z is equal to 

LVZxZL=:i.s xbs-— ss% whofc Ultimator ^ '^? s»fub> 
a .•■'»•■ =4^b8 — 9S* 



bss 







traded firoM the WbUkimator b8»— »s* 8* leaves. — 

4xbs — ss* 

e<)ual (Theo. 17.) to the . Ultimate of the circular Segment 

bss' 
VBTLVl, or to one fourth Part of the Ultimator' . 

Therefore, every fuch concave Area VMZ in the Ciflbid is 
(Theo. 17.) equal to the Reniainder which is left after the Sub-p 
tradllon of its correfpondent circular Area V N L Z out of four 
Times the Area. of tne circular Segment VN L V,,virhich anfwers 

to It 

But when the leiler dfloidal Area is that between the Curve 
and its Afymptote, each produced infinitely ; then it is plain that 
Z L vanifhes to nothing ; and the circular Area V N L Z be- 
cooie$ all one with the Segment V M L V , and each ^ the iamo 
with the Semi* circle V N L X V. Confequently, the lefler Area 
o£ the Ciflbid rcquked is eqpal to. throe Times the generating 
Semi-circle. 

Exan^k 19; The fame Things being again fuppofed as before, 
let it be required to find the Content of the Solid, which is 
formed by the Rotation of the iame. infinite ciflbidal Space about 
its Afymptote X£. 

r . 
Becaufe vsq-li! — , there&re the clrcumfcribing Cylinder whick 

b— s* . 

is formed by the Rotation of the greater Area VMPV about 

2 i 

VP will be-g 8.S v=:--iil-.=iil multiplying the Scries 1 + 

bxb— 8» b» 

8 , 3V . 58' , 3^8* 63s* , 231$' , - 

ab '^'iJb* "** 16 b»"T" i_jj8b*"^ 256. b» "^ 1024b* "t" " - 

s andi 



f.^t o'iMf^J^^^^enJurat^ff of 5ect. IX. 



n^i^m 






an^ v» = 7 b s* — s' x ;■ =; - bs* — ^^s* x s" multiplying the Se- 



2 r — -V Z 



b-J 



a 



b» 2b » 8b» i6b» 1,28 b* 2^56 b» 1024b* 

385«* 

^i '^'' * 2 ^ 4b *^ i6b* ' 32b»'^ 

A ^r^H- ^^Ir* + &c. The Ultimator therefore of the con- 

^ 51 2b*^ .2048b* ^ 



t s« multiplying the Sales Ij^^-J^li^ J^^JL.tl^ 
.i ^^"^ ^ 2 ^4b^i6b*/^32b»^2j6b* 



I 



-vex Solid V -(Theo, ^ji) will be -3. s* v" s= 3i^ s" multiply- 

b bf 

ing the Series 2. +Uj. ill'+^^V ^^+ 2i^ + -^^-^ 
mg uic ocrics ^ -r^]^^ ,^b*^ 22b»^ 256b*^ Ji2b»^ 2048 b* 

z 

4~ ^^* Whole Subjed is -! — multiplying the Series j- 4r 

bi^ 

5s 21 s' , 45s' . 385** . Ji9!l , 34658^ , ft.f 
i8b"^88b»'^2o8b'"^ 1920 b*'^4352 b»"^ 19456 b* "^ - 

Which being added to the circumfcrilMng Cylinder makes the 



Sum equal to 3— multiplying the Series -2.^^11 J^ — 11, JL. 
J£L+ Ji^+_24S1 +-1222^ 4.&C N«t (Theo. 64.) 

104b' ^ 192M • 2176b* V 9728b*. ' ^ ^' 






the Ultimator ^ s s -u* equals 3?L-L anultiplying die Series 3 

• ■ b * 

4-l«j_£Ii*j_li^4-^^*4.2iHV?i5il* 4. Whole 

+ lb+ W^^ i6b'^ i28b*^256b*^^ io24bV^' ^^^^ 

Subjea is equal to 3—. multiplying the Series _-|-:^-|-_ZL. -|- 

z ■ ihc 



:K 



* 

9tCT. IX. CumSMflaiOct /UfdMids, 



t03 



ibfegotnj 



8 



5^ 



7s* 



SIS 



23 IS 



' 33b* * 286b*. ' 624b* ' 2720b* ' 41344b* 

ef ev«ty concave Solid M, formed by the Rotation ofthelefler 
ci^idal Area V M Z V about the Axis Z M. Confequently the. 
Content required, when s is the fame with b, muft be equal to 



qbb multiplied by the Series _f Jt+-L^._X^ 7 



286^ 624 



+ 



21 , 231 

51720"^ 41 344 



-{• ice 



Example zo^ Let it be required to find the concave Superficies^ 
of the lad Ciifoidal Content^. 

Here for the L ength of the Arch fay. As the Ultlmator 
^ -xb^i-— ^'" oftho AbfciflSi V P is to the Ultimator $• of 



•s* 



Subnormal^ 



-b-sW ,„.„„ .._ j^^^^ is5^^^!=±!:. Then,asthe 



ib— s . 
Subnoraoal is: to die Normal 



the Ultimator C of the 



fb — s 



t' 



to the Ultimator fes**xb— ^* 

b — 8* 



b8Px4b>-3S:' ^f ^ Areh VM. Laflly^ (Theo. 64.) as \ }> 



2X 



is to qMA or qxbUs, fo is. the Ultimator ^^^^^3^ V, to* 

2xb— sxb— s* 

-die Ultimator ^-^£——1— of die concave Svpef fides required. ■ 

b— s.» 

^ _ — L.; - J 3s 9s' 27s' 405s * 

JBut 4b— 3 « eqjaaU ab* — ~t — j-* J'^TTT*"*^ 

4b* 64b* 512b* J0384b" 



1^4 



?& Menfuratim tj 



Stcr. 










fermer di 
ri38*8* 



vidcd by the latter is 2 «• + -r ^^ . ^. ^ ^ ^ . , , , . 

-^ ■ 4b 64b* ' 51 ab' ' 4024b^ 

-f- &C. Whofe ^ubjed multiplied by q^ ^equals dqs multiplying 



the Sa-ic8 r -f- ~7K~f 



58V ii38» 
1^ .^^Am 1^ 



"3^" 



, "" "4* &c« CoA* 

1 6b ' 128b ' 4096b* ■ jI 0240b* ' 

fcquently, When s is the fame ^Ith h, we have 2 q b multiplied 

by the Series i + A+-^+— ^H ^ + *w^- fortIiexx>ft- 

^ ' 16' 128^ 4<^96 10240 ' 

cave Superficies required. 

Example 2 r . In the annexed ♦ Reftangular Hyperbola, let it be re- 
quired to determine the Area, which is contained between the Se- 
micurve VMN &c. and its adjacent Afymptote BCD F &;e. fup- 
pofing each to be produced iki injinitum. 

The rectangular Hyperbola, is fuch a one as has for its Afymp-' 

totes the Legs 
A. -of the Refianglc 

GAF, and con- , 
iequendy, its Semi- 
tranfverie Diameter 
AV being the £im€ 
with its Senu-conju- 
gate V C = c (put- 
ting V P = V, and 
P Mess) the Equa* 
tion of the Curve is 
zcv-^^v v= s s. 




c, or ('putting AB 



Whence vc=cc-{-ss* 
= 2 nn-J-ss* — 2^a. 

Produce 



Af 



Su He^^ngular H/perbiAa in tbt Appendix. 



' • r 



StCT. IX. 



Ctirve Surfaces and SoKds^ 



44 y 
105 



Produce PM to meet the. Asymptote ia E, and through M draw 
QD parallel to G A and* L M parallel to A D. Atfo through 
y draw ZH parallel to AD; and put z=5HM = VL. 
Whence, becaufe all the Triangles here are fimilar, having equal 
Legs about the Rightangle in eacfa» we luve A E4 A V s;= PM : QM, 



I 



or n : 2* n 



I 
8 :2^« 



= QM. Alfo becaofc V P + P Q 
4>-|-«=i=2nn-f-8 8» — a» n -f" 5=* V Q, and 2*n:ns 



VQ 



V H 



QH} therefoce Q.H equals ^ + ^ " ^ + «»' q ^ 

&e Abicifla of the ereater Area V M H V. who& ^eimordinate 



is QM— QHao+iIIiJi!dl!£sszssHM. ConTe- 



a» 



quently. 



2nz< 



?. and V H « i±£!iiL±i£. 

-JL JL 

2*XII— SB a* 



ng' 



CcMifequently, for the lefler 



timator of H M 



(Thco, 



nz 



:«•: 



ia^ 



2 z*4" 



x«a» 



«»z* 



4. Z.JL 4. 
n ~ !!• ~ 



«♦«• 



«»«• 






e»2» 



2« 



z . z* 



Whde SulgcA is z* xnultiplyiDg the Series — ^ -^-J- -^-| 





z* z 

— r4- o-^ + &c* Whence, by the infinite Produdion 
7n* ' 8n* ' . '• 

and DP. at which Time V L auft be equal to VB. 



or z 



iame 



'^lied by the Series — | — ) — f- — |-g-j — |-T+ ^» ^ ^^ 
Area required. 



Here 



t * 

Here I cannot but ob&rrethe «o6 VQScAnt^ vAAt^ tfae Writen 
of Fluxions have £tllen into in the Anfww of this very Que^ 
tian. See Mr. Hodgfon's Fluxions, "Bart 3, S^. n, Er, 4. 
Page 2j6. Thece, after having put Afi s: i, Z H ae ar, aa^ 
M O =:: L B = yi the Ultimator of the Area requlrpd, is found 



to be X x^ ; an Ultimator^ which by bodi their and cm PriflK 
dples fTheo. 20,. 24 J muft have the Siibjeft equal to # er Nm^ 
things But yet this Ultioutoc ^f Nothmg, is unaccountably for dedr 

to have the Subjed z or — s= i ss yx. By whichmam« 

ftOt Fallacy, thoy have ^mnd Means to deteiBune the Area abover 

to be roundly equal to VB tr n n^ 

Examph ea*. The fame Things being fuppofed as in t]}ie laft». 
let it be required to find die Content of die Solids which ia 
formed by the Rotation of the rectangular Hyperbolic Space 
VB>. MD^ NF^. 6cc« about die adjacent Afymptote BF &c. 



Here in the lefler Area VLMV we have HM=s^ and; 

VH=JBL,. Whence (Theo. 63.) for 231 suT— .4««^ 
n— z b b 

(by fnbftltatini; c fcr s,, £ot«, and- -r— fen^we. 

nr""^Zr njjF^^znz^T^zz 

^^ -^^ n'^nz^z^ -b V-^nz-bzf ^^'^ to ijic Ultimator. 
of the Solid, which is formed by the Rotation cS the greater. 

Area V H M V about the Axis L M- But --= --, — is equal. 

n' -^--2nz-f-Z9 ^ 

* n ' n* . n* * ft* n* • 

Subject multiplied by 3^isequal to^-z* multiplying &e Series 



A - • c -, 



• « 



w t 4^ ^ ^** .'82* , 103* , laZ* , V 142* t » ^ A J e 

• yi ' 4n* * Jn» ' on* ' 711* * «n* ^ 
die ikme Manner, die $ubjed o£ the Uteifflator ^k ■■ ' • ■ 1 — 

...^ w. «— 3i--~ — ,«« multiplying the Series — | — -|-r 

^+f"+|S+Sr^+ ? + *<=• "^ *» «l« Content »f the 

SoKd which is formed (Theo. 57.) by Ae Rotadon a£ the 
ilfr Area VHM V about the AhTciOa V H. Whi«h latter 



U -^ 



Sttbjeft added to the clrcomfcrihing Cylinder - ^ — j-' , or to ^z* 




ttnliiBlyiiM; the Sedes 1 4- ^•'4'-. 4* --4- && floakes the 
^ ' » • n • n' ' n» ' n* 

Swn e^Ml to^»« mak^yiig tk* Series 1+ ~ + ~ + 

•^-r 4* ^c* Fcook whid^ Sum die former Sub- 
8n* ' - 

je6 being fiibtraded. (Theo. 64.) leofes 3- a* muliiplyiog tte 

Series ->-+— 7- -i-- - -I- ■■+ ■ f . - ._ •4- ac> or ^^'muH 
3 6n^ ion»^ 150*^ 2in*^ 28a* T w*» « ^ "«»'S 

tiplyhig the Series i^ — ^ — 4. — ^— 4- drr^— + 

3 34-3X«p 64-4xn* io4-5xn» 

+ ■■ -|- 8cc. fer the. Content of the Solid 

i5-|-6xn* 2r+7xn* 

formed by the Rotatioa of the lefler Area V L M V about the 
Axis L M« Bat when die Axis L M coincides with the Afynsp* 
tote B F * &c. it is plain that V L muft be the iame with 
VB or sssOt Coaie^iieadf> the Content required muft be 

Pa equal 



2 



I 

tqoal to i tt^*»iuitipttbd by tJie-Setie* l+^l-' 4''rT- -M 

i:®+5 >5+6;^ «'+7 

ExamtU ij. Let it be rehired to find tb« Concate Super«- 
ficies oPthfi Itft Hyperbolic Content 

HeK put MDssyssn**? j whence zsrHIVLssdWf, and Vll:f9f 

;Thea for tbe Lengdi of the Arch VM laj. Astlit 



n-*^ y 



S«>0 



Ultimator ^^ of tBe Abfdilii VH it to the Ultimator v* of the Semi* 

yy ' 

«r£nate HMj fo is the Semiordinate. n<«— y to.the SvbaonMl 



— I" 



S£ 1.. Whence theNonnal is2^Il2r>c&«-fi3r»*..Nexl; at th* 

Subnonnal is to the Normal^ or at y* i8'ton*-|:y^ * x^ ^ 
Arch V M. Loftly (Theo. 64,) as - b is to q y, fo it ^ 

* y^ 

*n*4-y* » to -;~>ai*4-y* * ^ Ultimator of the concave Super* 

by 

* y!L . y 






ficiesre^mrcd. Biitn*+y*» equals »» + -i^— i- +-^ 

^ j5^ jL T^V. .. ^'^ ■ ; - + &C Therefore the fame Ultii 
i28n'* ' 256n" 1024a'* ' 

2CI' ' n'y' y*T^ 

timator is equal to -^ multiplying the Series —^ — |-i-^— 

y^o r;_r_5y-_y» TZlly;, ^'y'!X' + &c, ' The Sub. 
Sn^^itn**- i.28n.' *~ 256n" io24n» • ' • 

jedl of all which, excepting -3-lZ. equals -^ multiplying tfcte 

Seiie). 



' ^ ■ . a 



^T. S2& C^^Smi^amt^dMu ^109 



•n^im 



"^ • :§tt^^64n*^ if2n' • 204811' ♦' 5iaon*«~&i9 tn«* 
4- &c. Which, when y (as here) becomet the fame widi ii» 

« 

makes % n* multiplied by the Seciel — — \r . •• ^ -t 

b *^ ^ 4 3 2 * 96 1024 



.» 



— -Z— + &c. as X. To this WO muft add the Sulqed 

2560 4096 ' 

^. ° y ^ w^ucb (as has been- ifiewii) can in itielf have do UI- 

timator: Bat by reftpring n->-z for y and — al* for y*, the 

fkmt Ultimator becomes * ~ ^ i= — •^ maltiplyiag tKe 

bx n — SB' 

Z*fe^ 2^2* 2*Z^ X'Z^ Z*^* 

Series nz^ + zz^-l 1 --+ — --I r + — r + &c* 

|Whole Sbbjed, after z is made equal to- n, gives •— -r^a'mul^ 
tiplied by the 8eries|-f. 1+ L^. 1+ Iflf J.^. 1 + &c. =— Y;. 

_ * 

Gnofequeotlyy the Superficies re^iired^ it equal to *)- Y— X.^ 
and' not to -r^ n n 4-. Xj- ^ li^> been hitherto Bilfe^ taught. 



« 

Examfk 24. Let it be required^ to fiud the Conteat of the 
Ambient Solid, which is fbraied by the Rotation (fee the lafl: 
Figure) of die \t&c Hyperbolic Area V LMV about the Part: 
JZ K of the oppofite Afymptote AG. 

Here, as befcHrey.wehave VL=^HM=s2, ZVsVBbsn, and 

nz 
Y HasLMss ;; — ^> Whence, the Cy Under formed' at . the: 

Rotation of the Re£tanele ZTLK about: 



ii6 



4.' 






9Kt^^' IZw 



r 

2CK.ii?-(ia< ^ Cj^dor finned tiy the Aolrtfiob of tb» 

D 



the cyUndricikl Ambient formed at the fune^ Time by the R«|- 

q n*z q 
tation of the Re<!buigle VHML is g^x -rrr;:^ r— g- a a » = 



4 

i 



an'z'— n*z 



lat 



*i>^*i 



^ #^% irt 



or ^ »• »• X r-n— i . Therefore, 



Illtjr'.U k 



(Thco, 67.) ^xl-H> (by putting « for s, n for 1, and 

Q n*35* 

for v) eqwal «> J- n* x^ ; i» the Ultimator of the Solid Con^ 



tent formed at the fame Time by the Rotation of the mixed 
Area ZVLK + VLMV, But rzZT. «=«"+ — +-^r- 



5^ _i 1*4.1*4.**+ &c.«=-^. Confequendy, the SoKi 
n* ' n»~n*^n* ' — ' 



formed by the Rotation of the mixed Area ZVLK + VLMV 



q nz 

is equal to rn'xj 




qn'z 



bxn— z 
the circumfcBibing CyVinder. Therefore its drcunafcribing Cylinder 

qn*z 
to ^ £ud <Bixed ^otid ■ ^: 1 » a t» 

bxn — z 



a. ^^ 



A-», or a* VB 48 to LR Hence, that mixed Solid -rz:::: 

made 



mr^iK^. Cuive Miifi^ml SMMs. | 1%. 



tfvt 



H Gil Z 

«iye:jkfr biT'Ae Cjdwder^Aas ^vik -^ — '-r % ibe'CuitfiQie 

bxn— z 
«f the atnble&t Solid reqiurip^ That is, as it or K L is to 



p— .» 



•r LM, fb is &e Cylinder g- n xi z (whofe Radius is KL ssztt. 



t^« 



and iteight is V L =s z) to " the corrc^ndent ambient 

bxn— -z 

9oUd required* Odierwife^ multiplying this ambient Solid bf 

n-»— z q n'z*— n*z* 

:, the £ime may be ezprefled by r-x — — ■' . ' Which 

n — - z 

q 2n*z*— n*z^ 
&ews that its circumfcribing ambient Cylinder ^ ^ ' ^ ' i^ 



38 to It, as 2n— z is to n— -z, or (by iiibftituting y = M D for 
M ji^y is to y« ' 



I ha:ire dwelt longer upon the Anfwer to this <^eftion, to» 
the grofs Abfurdities into which Men are led,, by blindly 
giving up their Underflandings to thofe Chimeras of Fluxions by 
which they can .perfiiade themfelvei^ that they are able to do» 
Impoflibilities. A notorious Inftance of which is to be feen in; 
fAr. Uod^on"% .Fluxions, Page 352 : Where it is pretended to de^ 
lermine ue Content of the Solid formed by the Rotation of 
the Hyperbolic Space V B, M D, N F^ &x, about the oppofite 
Afymptote Z.A. A Tafk as impoflible to be performed, as forv 
a Man to confine the whole Univerfe within the Compais of 
a Nut-fhelL But notwithilanding, after a furprifing Manner, that 
infinite Content is in that Place found equal to no more, if L 

twderftand the XSentleman. rightly, than — ^ ; .or ^putting ji ssx. 



'2 



'Unity ) Aen— 3^. And Jtt it ia plain to any one of aft ^Mrdi^ 
(dinary Capacity^ tfiat (for Exampk)' if. KM.= A D = -^ =*. 



in. V%t Menfurathn 0/ 0itTi XC 



*^ — ■■■ s= loobooo. (Whenct z=s V Lsaao.' 9f999f» and j-smK^'=^ 

0.000001/ we have (making b s=: 2 n ss 2) die CoDtent of the 
iright Cylmder formed hy the Rotation of KM D A K about the 

Axl» A K equal to ^ x loooooo s= 500000^. All which and aft 



infinite Quantity more^ moil be contained within— *—q. If Fl««-* 

a 

xions can do thiSj I muft acknowledge them much jabove my 
Compreheniion. 



m 



The Troth is^ whenever an Abfdila, V H = in ih« 

Hyperbola^ or VTss-il— in the Cifloid (lee their reipedive 



% 



j|ures before) ; where the Diviibrt n-HB and tb— « decreaie iUl 
infinitum as z and s encreafe : Then in finding the Contents of 
ihe .Solids formed br the Rotation of the Rcdangle ZHMK 
.about Z K to the Hyjperlxila ; or the ReAangle V P MZ abooC 
V Z to the Cifibid j if we be obli^ged to exprefs the final An- 
swer by an infinite Series, the greater z or s are, the more 
^ways {hall its refpcdive Scries err firom the Truth, So that m 
that Cafe we muft exprefs the Semiordinate by the Abfcii&i 
and not, as in the' foregoing Examples, the Abicif& by the Se» 
miordinate. And confequently, xvery Afymptotical Solid formed 
this Way, mufl he as infinitely ^xat, as the Abfciila itfelf js 
infinitely long. 

What xemains concerning other Sorts of Curves^ I refer to 
fhe Appendix, where I Audi treat of them more methodically* 
In the mean Time obferve, that I have ail along purpoiely om- 
mitted treating of thcni under univerial Exponents, as a needleis 
Puzzling of me Learner : Since the Solution of any one Parti* 
cular, is a plain Difcovery how we are to proceed in every 
i)|her of the fame Ckfiis ; which (hall be fully fhcwn hataiter^ 

THE 
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A P P E N D I X. 

r t 

Concerning die Nature and Defcription of 

Curves, 



0/ the Kinds' p/* -Curves in genercd, 

• 

EVERY Line may be confidered, as generated by the 
Motion of an indivifiblc Point ; and if tiie Motion of 
Tuch generating Point aim always at the fame immove- 
able Poirif, it is faid to keep the fame Dircflion; but 
if itt aim at firft one Pbint and then another^ it is faid to change' 
its Dircdlion, 

A Right-line is that whofc generating Point keeps always the 
feme Dircdion : And a CurVe*line is that whofc generating Point 
always changes its Direcftion • the Side turning towards itici^ be- 
ing called Concave^ and that turning from itlolf Convex* 

A Mathematical Curve is one whofe Diredion is always con- 
fined to the fame fixed Law or Condition. And when that Law 
can be exprefled by an Equation confifting of only one. Variant, 
h is plain, that (in determining the Length of the Curvic from 
that Equation) every Dimenfion of the Variant (Sedt. ViL) 
muil be reftrained to the fame Root. That is, in other Terms, 

(^ the 
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the Equation muft be reduced to its Ultimate. For iince^ a& 
has been {hewn^ ette^y Equation confifls of as many Roots of 
its Variant, as that Variant confifls of Dimenfions ; and fuch Roots, 
arc generally of widely different Values : Hence, if the Equatioa 
be left,^ as it is in itlelf without any Reftridion of its Roots,^ 
the Variant muft have different Values ; and confequentiy the 
the Curve is not confined to the fame Law, which is contrary 
to the Suppofition. it follows dierefore,' that no Echiation, of how 
many Variants ibever it confifls, can exprefs the mvariable Law 
of a Curve, but as every one of thofc Variants under its difFe* 
rent Dimenfions and Combinations with every other Variant 
is reflrained to the famie Root, or as jt is reducible to an Ul^ 
timate. Theorem L 

With Refped therefore to the Form of the Equations, by whith. 
the Law of any Curve is exprefTed, we fhall ufe that knowa 
Diflindtion of Curves into ^ranfiendental^ and Algebraical. 

A ^ranfcendental Curve is one, which cannot be exprefled by a 
fixed Algebraic Equation ; . as being not always fixed to the fame 
Equatioa in every Point of the Curve. 

• - • 

An jilgebraical Curve is fuch a one, as in every Point exprefled 
by the f^e Equation. And this again may be called either i%r* 
fnitej when the Dimenfions of its Equation are infinite^ and con- 
fequentiy the Equation itfelf is exprefTed by an infinite Series y 
or Finite; when it is exprefTed in finite Terms. 

And all thofe Finite Curves are faid to belong to the fame 
Family, whofe Equations follow the fame Form, /. e. have the 
fame correfpondent variable and invariable Terms under the fame 
Signs> with no other Difference than in the Dimenfions of thofe 
Terms, by which they are denominated to be of a higher <x:. 
lower Order in that Family. Thais, for Example, in the Circle, 
' whofe Diameter is b =? a c, Abfcifia v^ and Semiordinate s, as 
before ; the Equation of the Circle of the firft and lowejl Order 
(zxxA indeed the only one, which can truly be called a Circle) 
is bv— ^ya;=ss. The Equation of the Circle of the fecond Order is 
b^* — v^=s', or bhy — ^*=s' : The Equation of the third Order is. 
b'u*— <;^=s*a,or b^'u*— ^*=;6* prb'-y— ;«y*=s*: And univcrfally the 

Equat^a 
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Equation of Circles of every Order h b* ^" — ^a+» — : s^+n^ 
Where every pnfe is at Liberty to fubftitute any poffible Num- 
bers for m and n, to which his Phancy {hall guide him. And 
ib for any other Curve. Theorem IL 

Now with Refpe<9: to their Generation or Defcription, the 
prime Divifion of Mathematical Curves is, I conceive, that they 
are all either iuch as can have no two Parts of the fame Curve 
in the fame Plane $ like the Worm of a Screw : Or elfe are 
£ich as have all their. Parts coincident with the fame Plane. Of 
which latter Sort only, I fhall treat here. 

All Curves therefore capable of lying in the fame Plane, with 
regard to their Gcfneration, may be five Ways difUnguifhed; 

For, 

Fir^. AH fuch Curves a« either Spirals^ which by fome cer- 
tain Law, keep continually revolving about the fame Point or 
Center, (moveable or immoveable) till they terminate in that 
Point : Or Vertical Curves of which Sort are all the Curves in 
the foregoing Treatife (except the Archimedean and ParaMic 
Spirals in the eight Seftion)^ which on each Side the Vertex V 
include always e^ial and fimilar At-eas between the Curve itfelf^ 
the Abfcifia VP, and their refpedtive right Semiordinates PM. 

Secondly ^ Vertical Curvts ere either Aufugient^ which on each 
Side from the Vertex V, do always depart further from the Right 
Axis VP: Or Revertent^ whfch, in their Departure on each 
Side from the Vertex V, do meet again in the fame Point in 
the Axis. 

^irdly^ Aufugient Curves are either Determtnate^ whofe Right 
Axis is of a determinate Length, hot to be exceeded ; as the 
^adratrix and Cycloid ■: Or Indeterminate^ whofe Right Axis to- 
g<#ther with the Curve on each . Side, may be produced ad infi-- 
fiitum s as the Parabola^ Hyperbola^ &c, 

Fourtblyj Revertent Curves are either Bipertite, whofe Wholes 
<:an be divided into no more than two Parts iimilar and equal 
*o each other, by the Right Axisj as the Piriformis and Oial 

Qa to 
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to be fccn hereafter : Or ^adripertite^ whofc Wholes arc both 
divided into two fuch congruous Parts by the Axis, and each of 
thofe again into two other Parts fimilar and equal to each other^ 
by the Ordinate that bifc<^s the Axis ; as the Circle and 
Ellipfs. 

Fifthfyy Every Algebraie Curve univerfiilly may be laid to be 
Conjtant^ when all mofe of the fame Sort and Order, cxpref&d 
by the fame Equation, do exactly keep the fame Form, and are 
always perfcftly fimilar to each other ; as the Circle^ Parabola^ 
Cijfcid^ Cycloid^ &c. Or Variable^ when thofe of the fame Sort 
and Order, exprefied by the fame Equation, may put on an In- 
finity of different Forms, at the utmofl Diflimilarity firom each 
other ; as the EUipfis^ Hyper bolay Concboidf &c. 

Here it. will be eafy to conceive that every Curve, whofe 
Equation confifls of but one only Invariable Quantity, mufl be 
Conjiant. And on the contrary every Curve, whofe Equation 
confifts of different Invariables, mufl be as Variable as thofe in- 
cluded Invariables can have Differences between themfdves. 
Theorem HI. 

Thus, if the Equation of a Family of Curves, wherein b=2d^ 

be b" t;" — a;"+" = . ^ x s"»+n i then this Equation (as fhalL 

be fhewn hereafter) may include in it a whok Family of both 
- Ellipfes, and that of the Circles along with it. For the latter;. 
as appears from their Equation above, is only a particular Ex- 
ample of this, wherein, d or ^ ^ and. c. arc the fame. Con^ 
feSfary i. . 

So again, if the Equation of a Family of Curves, wherein, 
b ::?=: 2 d, be b" v'* 4" 'y°"+° = — Z" ^ ^°^"^" >,thcn this is the Equa- 

c I 

tion (as fhall be fhewn hereafter) of all both Oblique and Redangular 
Hyperbolas, For the general Equation of the latter will be fhewn^ 
toS)e b" V" -jr v"'+° =z= s"^+n, which is only a particular Example. 
of the former, wherein after the fame Manner d or. \ b and 
vj are the famc^ CcnJeSJary 2. 

, . Whcncft 
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Whence it. appears, that each Ordep of Circles has exa£Uy 
the fame Relation to all the Variety of EUipfes of the £ime 
Ordar j which the Redangular Hyperbola^ of the like Ordec has 
to all its equipollent Oblique-angular Hyperbolas, whether Obtufe 
or Acute. Qmfe&aty 3. 



Of the Parabola^ 



= VE„BF=. VF, BG = 
&^. as fo many Abfcifliae. from. V, drawiog^ C C^. E E,. F F 
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SUPPOSE V to be the Center of a Circle, whofc Diame-* 
ter is AB=: b, or whofe Radius is AV = VP=ib = p, 
froduced indefinitely from B to P ^ to which ere£t an indefinite;; 
Perpendicular fi'om B 
to M. In the Right- 
line A V P &c. to the 
Right-hand of V, af- 
fume a Number of 
Points I, 2, 3, 4, St 
&c. as fo many Cenf> 
ters (the greater Num- 
ber tne better, especial- 
ly the nearer V), and 
with the Radii A i,. 
A 2, A3, A 4, &c. 
defcribe fo many Se- 
micircles ; as A H C, , 
AIE, AKF, ALG, &c.. 
Draw VP, as an Axis 
perpendicular to A V, fo- 
which, at a convenient 
Diftance draw &G pa*:^ 
rallel, and upon each 
of thefe firom the Line 
AP lay off BC=yC, BE 







lift The Redangular Hyperbola. 

all parallel to A P above. On each of which laft Parallels ag^in 
BH, BI, BK, BL, G?r.. of the refpeftive Semi-circles above^ a$ 
fo many Scmiordinates to their refpeftive Ahfciflie upon the Axil 
V P below. Then the Curve drawn through the Vertex V, and 
the Extremities H, I, K» L» &c; of thcfe Semiordinates will be a 
Semi-parabola. For in every one of the Semicircles above, for 
Example the Semicircle A H C, becaufe A B is always equal to 
b or 2 p» if wc put BCss'z;, and B H =s s ; then £:oni the known 

Property of the Circle, we have ABxBC = BH or bi;s=ss 
or 2 p a; = s s the Equation of the Parabola^ whole Right Para« 
meter or Lotus reStum is AB=^bs=2p, Qmfe&. 4. 

When therefore the Semiordinate s is die fame with pssVB, 
Vft have 2 p v ss p p. Whence t; = j- p s= the Diflance -upon 
the Axis V P of the Point called the Focus kook the Vertex. 
y. Qmfe&, 5. 

Whence the univerfal Equation to the whole Family of Pa^ 
rabolas fTheo. z,) muft be b'-w" =sH-". Qtnfi^. 6^ 



in. 

0/ the Redangular Hyperbola. 

IF in the foregoing Figure of Semicircles (to the fame Parameter 
AB:±=b, and Abfci^ BC, BE, BF, BG, ^c. s= v) we mak« 
the refpedive Semiordinates equal to the Chords CH, EI, FK 

CL;&c. =s i then wfi have (ios Example) ¥h* +¥c*=C H* =« 

s s, or IMl Jfvv:s=: St. But by the laft B H =:b'z;=:2pu 
Therefore the Equation of this Curve is bv-^a;-i; = ss orapv 
-|- V a; = s s, the Equation of the reSf angular Hyperbola^ Whofe 
Parameter is ABsbssap. ConfeSf. 7. 

Whea 



q 
« 



The Redangular Hyperbola. 



11^ 



■ When therefore the Scnuordinatc s is die fame withp=VD, 

,we have 2 pv+ 'y'i^s=PP- Whence 1;= 2* — i x p is the 
Focal Diftance from the Vertex B. Confer. 8. 

And if we draw BQ parallel and eqijal to VD = p, produc 
ing thc^ Hypothcnufe Y Q, ^f «^^ Triangle V B Q to W : Then^ 
fince ^ytty Triangk - ^ 

VBQ, VCR, VES, VFT, . 
&c. is right angled, and -^ 
has its Legs VBssBQ^ 
VC=CR, VE=3ES, 
VF=FT, &c. it if plaift 
w^ muft every where 
have CR, ES, FT, GU, 

PW, &c. equal to p+v 

I 

or to pp-l-ss"*^. Confe- 

Suently every one of 
le laft Lines muft 
always be greater than 
its xorrefponding s, and 
yet muft always the fur- 
ther the Curve is pro^ 
duced from, its Vertex, 
approach nearer to an £- 
duality with 8, by the 

Portions H R, I S, KT, L U, M W, &c. which m the Value 
of their refpedtive Semiordinates, will always be equal to^ 

pp-f-siJ"— 6. ConfeSt. 9^ 

Whence the Right-line V W from the Property it dius r©*; 

ceives (of approacning every where nearer and nearer to the 

Curve, wkhout all Poflibility of ever touching itj is called the 
Afymptdte of the Semi-curve. 

• r • 

The unirerfal Equation therefore to die Family of Rectangular 
"B^^baki (Thco. 2 J is b* v* -^a>«»+» sb=J5"»+». Qm[ea. 10. 
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0/ the EUipfis. 



IF two Right-lines A G, V B of different Length bifea: each 
other mutually at Right Angles in Cj and a Ruler MN 
whofe Length is equal to VC = CB = d be any how laid 

upon the fame Plane ; (o 
^ as to have AC=CG= 

M £ = c always above 
VB, and the lower Ek- 
tremity any where in the 
Right-line CG. Then 
will the higher Extremity 
M be always in fbme 
Point of the Semi- curve 
VMAB. And the fame 
being done on both Sides 
C G, with the Point N 
of the Ruler always in 
A^G, and the Length ME = CG=c. kept every where be- 
low CGj the lower Semi-curve VGB will be the fame Way 
dcfcribed by the Point M fimilar and equal to the higher 
VMAB. The Property of which <rurve will" be had, as 
follows. 

# • • • 

I 

Draw the Semi- ordinate MP =±s, whofe Abfciffa diercfwe muft 
be VP = v. Whence PC=VC— VP=d-^. And VC—AC 
j__MN ME=EN=d— c. Then by Reafon of the fimilar Tri- 
angles E M P and E N C, we have compoundedly P E -f- E C : 
PE=ME4-EN:ME ord— -wiPEssd :c. Whence P 




—a 



E= 



dc 



cv 



-2 2 



ME— MP =cc— ss^,and PE =:c- 



:V 



4J>^^S. Qt CC~2 ^ '^ + ^'^ ^ 



c c — s «• Confequently, the 

Equation 



7^ Bllipus* tit 

Equation of this Cwve'k acfii— Wfc=— ss. The fame wlthths^t 

of the ElUpfis^ whofe Tranfverfe Diameter it b= 2 d, and its 
conjugate Diameter is 2 c. Conft0. ix. 

Or, if we affume that Semiordinate or Right Parameter D P 
ttp, between which and the Semitranfverle V C = C B =d,.thc 
Semiconjugate AC=:CG==:c is a mean Proportional ; whence 

cc 
cctspd, and ds= — : then fubftituilng for cc or for d, the 

d 2 c c 
fame Equation will he ezpreffed by adt^— i^tiss-ss^ or 

cc 

^— .v^— r — s s. QmfeSf. i2« 

pp 



:- ss, we make 
P 



ps=DF=s, we have ad-y— twssdp j whence i;=:VF=BF=:d- 



ddr— dp^ =s th^ focal Diftance upon the Tranfyerfe V B^ 
Cuift^. 13; 

Ag^» if we make AQsro-^Sssx, and MQssd-^^^s: 77 ~" "* 

cc 
z ; then hy fubftitoting c*-^x £>r s, and — — 2 ibr i; in the 

1* 



2CC 'CC 

Equation -^ v— •vtfss— 8 8, the Equation of the Curve be- 



comes ^z* s 2 c z •— z x. Or (utting DRsFCssVF 



t 



c* » . c* 



dd— dp^ as: I := --^•— CC ; whence p p ss r j ■ " $ the fame 

CC 

quation ftill is exprtfled by 2cx-*aar ag. j . ■ z& Confe^. 14* 
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Confcqtjcntljr, if in the kft Equation, we make Is&D R=:Zt 

cc 



. . cell 

we have gcx— xx=s ■ ,, , 



Whence x = R G = c 



cc + ll^ 
equals the focal DIftance upon the Conjugate AG. ConfeSl. 15. 

The univcrfal Equation therefore to the Family of Ellipfes 
(CofifeSi. II.) is b" v" — ^a+a = --^^ s^+«- Omfidl. 16. 



V, 



Of the Hyperbola in generaL 



SUPPOSE a given redilineai Ifoceles Triangle NGN, whofc 
Bafe NN. is bifcfted in V by the Perpendicular GV (Fig, i,) - 
aild both Sides G N, G N, with the Perpendicular G V are inde- 
finitely produced dowiw ^ 
Figi I. wards to 6 and U. Let 

a Number of Lin^s be 
drawn below parallel to 
NN, nieeting the pro- 
<luced Sides in i, 2, 3^ 

4> Sj 6> &^C. and cut- 
ting the Perpendicular in 
P, Q, R, S, T, U, &c. 
Mak^ Xy . (Fifr 2.) eqpal 
• toNV (Tig, I.) to which 
at each Extremity ered 
the Perpendiculars X F^ 
y Z ; and with the Radii 
YP, YQ, YR, YS, YT, YU, G?^. (Fig. 2.) which arc refpec- 
tively equal to Pi, Q2, R3, S4, T5, U6, &c. (Fig. i.) defcribc 
the , Arches YA, YB, YC, YD, YE, YF, &c. mcctmg XF in 
A, B, C, D, E, F, Csfc. Then Uy^thc Extents XA, XB, Xq 

XiJ> 
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XD, XE, XF, &c. (Fig. a.) refpeaively upon the Paralkls (Fig. i.) 
on both Extremities over G U. That is, from each Point i to 
its remoter Point A; fo from 2 to B, 3 to C, 4 to D, 5 to 
E, 6 to F, &c. on each Side the fame Way. And the Curve 
paffing through the Points A, B, C, D, E, F, &c. on both Sides 
(Tig. I.) from V will be an Hyperbola^ whofc Vertex is V, half 
tranfvcrfe Diameter is G V = d, half conjugate Diameter is N V 
= XY = c, NGN its Angle, and the indefinite Right-Unet 
G6, G6, on each Side its Afymptotes. 

For the Etjuatton of which Curve (for Exapiplc^ we haVe 
(Fig. I.) GR = GV+ VR=d4-v^ and CR=s. And by 
Rcafon of the Similarity 

of the Triangles G N V Fig. 2. 

and G3R, we have G V 

:NV = GR:3R, or 

d 
== 3 R. Therefore the 
Diftance from 3 in the 
Afymptote to its remoter 
Point C in the Curve 



muft equal S^ + 




PCCRS TU L. 



— J-T-i— =3C+CR+RC. Which is the fame withXC 



= YL (Fig. 2). And L M (Fig. 2.) muft equal Y M — YL 
aVR.— VT gcd-f- g.ct; ' cd-foy+ds cd+c-y — ds „ 

from the known Property of the Circle (Fig. 2.) we have Y L 

V L M =cT= 5nr. That is cd+ca;.fds cd-i-c^>^s __^^ 

d d 

whence lAv+vvziz — si the Equation of the Hyperbola in go- 

ncral. Which, when G V is greater than N V, makes the Curve 
Acute-angular; when FV and N V arc equal, Redlangular j and, 
vhcn N V is greater than GV; Obtufe-angular. CctiJeSi. ij. " 

R 2 And 



'1*4- ^^ Hyperbola in '^enerat. 

And LM (Fig. 2.) = ^ -^ s will always equal the 

Diftancc of the adjaccut Afyniptotc upon the Scmiordinate pro* 
duccd. Co)ife£fy 18. 

Alfo, if (as in the Ellipfis) we aflumc that Scmiordinate or 
Right Parameter equal p, between which, ahd the Semi-tranfverfe 
d, the Scmiconjugate c is a mean Proportional, whence ccirpd y, 
then fubftituting for cc, the Equation will be 2dv4-vi; = 

- s s,. or (making b=2d) hi;4-w;= - s s. Confequcndy, when 
p equals s^ the focal Diil:ance in this Curve will be ir = 



dd+dp* — d. OmpB. 19. 

Therefore the univeriaL, Equation (Theo. 2.) to tke FamUj. of 
Kypcrbolas is b' v' 4- v^-f" =-^5^s»+". CmfeS^ ao. 
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Of . the Pirifornus. 

« 

SUPPOSE the circular Quadrant VABCDEFZ< whofc Cen- 
ter is X, Radii VX=ZX, and its Chord VZ. Let many 
Parallel* be drawn to ZX from the Points P, Q, R, S, T, U, tiSc. 
to cut the Quadrant in A, B^ C, D, E, F^ Off. and the Chord 
in I, 2/ O, 3, 4, 5, ^c. Then lay the Extent Ai, B2, CO, 
D3, E4, F5, &c. rcfpcftively from P to M, Q to N, R to O; 
S to 1, T to W, U to Y, tSc, And the Curve-line' pafling 
through the Points V, M, N, O, L, W, Y, ^c. X, with the 
like on .the other Side of of the Axis VX will form a Curve 
io the Rcfemblance of a Pear. Which for that Reafon may be 
called a Piriformis. Whofe Abfciflb are V P, V Q, V R, &c, 
and theic refpedive Semiordinatec PM, Ql^fj RO, &c, it is re- 

2 " quired 



I 

I 

ii 



»• . » 
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required to determine the Law, &c. of this Curve« Suppofipg 
the given Radius VX=ZX=c^ the Semiordinate MP:=s^ and its 
refpedtive Abfdffii VP=v. ' 

» . • - 

Here we know, from the Property of a Rightangled Triangle, 



2* X. c. 



that VX+ZX =2cc=:VZ,.orVZ=p2Cc» = 

a ■ '■ ' 

And from the known Property of the Circle AP =2VX— VP>v 



VP,'or AP=:2C-i; — w\ But VP=v=iP^ and from the De- 



fcription of the Curve Ai=MP=AP— iP=AP— VP= 2 c v^v v^ 
— v=s, the Eqnatioh of the Curve, QonfeSf.'ii. 



Therefore, to make $ the greate^ we. have 



c^— -w^ 



2-ca; — vv- 



r 



q. Whence in that Cifc, w=cxi— 0.5* = VX^— f V Z, and 



S=CX2 * 



1 =V Z— . VX.. Confe£f. 22. 



ii 



Alfo putting b = zCf whence die Equation becomes hv — vv^ 
. -u = s, we have s if (Scft. IX. 



Thco. 52.) =ba>— w*"*!)® — *i;T;*=r 
the Ultimator of every Area MV 



PM, But bo~W -u^ (Scar. IX. 

Example 7.) is^ the Ultimator oF 

the cprrefpondent circular Area 

AVPA, and vv"^ is the Ultimator 

of \ w or of half the Square of 

V P : Therefore in this Cutve every | 

Area MVPM is equal to the DiflE^- ^' 

rcnce between its half cbrrefpondent 

circular Segment A V P A and half the Square of the AbfcifTa VP. 

Gonfequently the Area A V M A is always equal, to half the Square 

of the Abfciila V P.. ConfeSl. 23, 24. 

Hence 
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Tihe Oval. 



Hence it follows, that the Area of the whole Piriformh \% 
equal to the Difference between the Area of its clrcuaifcribing 
Semi-circle, and the Square of its Scmidiamctcr or Radius ConfeB. 25, 

Lajlly^ The univerfal Equation (Theo. a.) to the Family of 



Piriforms is b^v' — v^+A 



in4^ 



a;=8. ConfeSf. 26. 



i*ato 
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VII. 
Of the Oval. 

U P P O S E a Circle, whofe Center is X> upper Quadrant 
AGX, and lower Quadrant AVX, upon the DianwterGV 

= b=2c. Let any Number of 
Chord-lincs BV, CV, DV, Gff. 
be drawn from .the upper Quadran- 
tal Arch AG to the lower Ex- 
treufttty V of die Diameter CV, 
cutting AX in I, 2, 3, &c. and 
lay the i V, t V, 3 V, &c. re- 
fpeftively from B to L, C to M, 
D to N, (Sc. then the Ciirve-linc 
pafling dirough the Points V, L, 
M, N, O, Q, CSc. on both Sides 
the Axis V X from its Refem*- 
blance to an Egg may be called 
•an On) all ^te Proportion between 
whofe Right Semiordinates and their 
refpcftivc Abfciife is required to 
t)e determined. 

Let (for Example) the Semior-* 
idinatc be M P =r s, whofe Ab* 
fcifla is V P = V. Whence 




V X : V 2, or V :: i;a;-|-ss* 



VM=:-i;v-f-sss and VP: VM 



VaacCM 

by 



c: — xyv+^8* 
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by Conftradion. Then CM + VM=VC=^i^x'v^uTIs^ - 

and VM:VP;=:VC:VH, or -U^J^F^ : v=^x^JH^si^ 
: c + « = V H. Whence HX = v, and G H !i= c — v j and 



4 

from the known Property of a Circle (viz, GHxVH=:CH 



I 



= c — vxc-f-v) we have cc — vv' = C H. But again, from 
the Similarity of die Triangles, we have VP:MP=:VH:CH 

or v:»=zc-{-v:sx -— = C H. Therefore s x — ^ = 

CC-\-2CV'\^VY 



CC — vV, or $sx ^ =s cc — ^w, or (dividing both Sides 

by c+v) ssx^^=sc— V. Whence the Equation of thi& 



Curve is $9= — — — • ConfeSf. 27. 

Thsftiixtr to make s here, the gr catcft^ that it pofEbly caa 
H ^« l»^« cc4-.o»-i-^, = «• Whence (dividing 






cc-^zov-^-w 



tvc have cc— cv— wsaro. Or a; =s ^ c x 5 




:>^ 






WbenoB saso j ? ^^^ - r. OmfiB. 28. 



I .A 



And if we put X P = u (taking the Abfcifla from X) ; thca 
fiibftituting c — u f or v in tho 27th Confa3ary, v^e have ss=l 

C*U-— 2CU*4-U' 

-^ — ^^— jj for the Eq^uation of the Curve. , Conft^i. 29^ 

According 



•X 



128 ^t CifToid. 

According to which laft, the universal Equation of the Family 

of fuch Ovals will be b* «• — n* $• = | b — u x'u*. Con^ 

fedfary 30, 




VHL 

Of the Ciffoid. 

ET X E be a Tangent to the Diameter VX = b of the 

Semicircle VNLOX; fee the Figure to Example 18. 

jedt. IX. To which Tangent XE on every one of its Secants 

V B drawn from the other Extremity V ot the Diameter make 

V M equal to O B ; then the Curve line drawn from V through 
every one of thofe Points M is by Diocks the Inventor called a 
Cijjoid^ whofe Abfciffe arc V P = Z M = v, and their refpec- 
tive Semiordinates P M = V Z =: s. Confequently Z X = M A 
zs=:h — s, -fince Z L is paraHel to V P» and both parallel to X£» 

Draw O R parallel to V X, and OS parallel to XE. Thca 
bccaufe by Conflru6tion, we have O B equal to V M, and the 
Tria^les O B R and V M P are firailar ; therefore PM = O R 
= SX=ss whence VS. rsb—s* Con&quently, from the Na* 

ture of the Circle V S x SX = bs— ss = S O . But again 
from die Similiarity of the Right angled Triangles V Z M and 

V S O vre have VZ:ZM=:VS:SO, ors:-u=:b— s:t;x 

b— « o ^ t_ bb— 2bs+ss ^ ' > 

= S O; whence vv% = — — 5 O = b«*— s«. And 

dwiding both Sides by b— • we have vv% •— ' ss, or vv^s 

ss 

sss 
g- — the Equation of tKc Cunre. Cmfeff. 31. 

Hence; 



r t 



'•■■•?. 'f ■■ - 
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Hence, bccaufc here Z X = V S = b — s, whence Z L = S O 
as7;x— ^ — .* Therefore in the OJfoid oi the Circle we have al- 
ways VZ:ZX=ZM ; ZL* ConfeSf. 32. 

\t appears then (fee the fame Figure as in the laft) that every 
Revertent Curve V NL OX may have its peculiar Ciffoid VMQ, 
by making V M ftill the (ame Way equal to OB; the Right 
Axis of the generating Revertent being V X, to which V T and 
XE are perpendicular at each Extremitj'. Whence, if VT be 
the Axis of the generated Ci0bid ; then XE will be its Afymp- 
tpte> and the Semi-ordinate PM = VZ of the CifToid will al- 
ways equal O R or S X, the Complement of the corrcfpondent 
Abfcifla VS (of the Revertent) to its Axis VX. That is PM 
= SX = VX— VS. Confer. 23* 

Alfo in every Ciffoid VMQ, As the Scmiflrdiaatc PM=VZ 
i^ to its Abfciua V P =: Z M, fo is the correfpondent Abfcifla V S 
of the generating Revertent Xo its Semiordintte S Ov Confe^.^^. 

For Example^ if the generating Revertent be a Piriformis^ v^herc 
V X = c, the Extremity neareft its greateft Semiordintte being 
V 5 then putting VP = ZM=si;, and PM=VZ = SX 
{Confer. 33.) csss, we have VS=:VX— SX=c— s. Which 



laft ('being fixbftituted for v, ConfeSi. 21.) gives cc — ss* •— c-|^ 



SO. But (by Cmff£{. 34.) vx — - = 8 0. Whence cc — b«* 



+ _ c— $ _ sxcc — ss* ^ ^ c-4-s 
s=:^x , or : — s=:a;, or — I- 
s c— s c — s 

Equation of diis Cijfoid. ConJeS. 35. 



V, the 



Again^ if the generating Revertent be ah Oval, whofe Axis 

V X = c, the Extremity neareft its grcateft Ordinate being V ; 

' then putting VP— Z M = v, and PM=VZ=:SX {ConfeSi. 33,) 

= s, we have VS:=aVX~SX = c— s. Which laft (being 

cs * -— S ' —2 

fubftituted for u, ConfeSf. 29.) gives — -r-~ = S O . But {Ccn^ 

s ; fea. 34O 



I3<5 



Thi Comchoti}'. 



Jedl^ 34*) '.njY* = 8 0, or 



. cc — 2cs4-8s 777* 

ss 



Whence 



_ GC 2CS4-SS cs* — s^ 

^1 -X ^ ! S5X'. ; 

SS c+s 



, or (dividing by 



. , c — s 

ss 



5 § N SSSS 

-J- j. Conferquendj vv = ^^ is tfac Equation of this Cijlaii 
Confe^. 36. 



0/ /Ap Conchoid. 



SUPPOSE two Right-Unes CV, SZ interfcOing each other 
at Right-angks in S, and from tiie Extremity C ot the former^ 
« Number of R^t-Unet C M &c. be drawn o« both Sides 

C V cutting S Z in S» U» &c. Then 
tf equal Extents be laid upon all 
thoie Linefr drawn thus £:om the 
Point C on both Sides SZ, viz, 
VS = SX = MUs=U N= &c. 
the Curve-lines (drawn through the 
Points V,M, &c. above, and through 
X, N, ficc. below) are t^ their &• 
▼oiler Nicomedes caSHe^ a Firfizod 
Secoad Conchoid, To both which 
C is the Center j S W the Afymp- 
tote; VSesSXcsMUsUN 
= &c. s= p their Radius ; and C S s=b their Diameter. Whence, 
putting PS = SQ==YT = TN=&c=:a=UW, wehave 
CP = CS4-PS=:b-f a, and CQ=:CS— SQ=b— a. Alfo, 




by Reafon of the fimilar Triangles U W M and C S 17, we have 



UW:MU«CS: CU,ora:paab: 



.^ 



CU. 






Id 
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■ 
t 

In the Fir/} Concbdd Aereforc, we have C U -}- M U = 
-^ + p «= p X -^ ss C M. Whence, putting the Senuordinate 



PM=t«, we have CP -|- PM =CM , or b + a -f s* 

^xb-f-a , or $• s= ^l2f xb-|-a the Equation of the Ou 
■4a aa . * 

CutpeS, 37. - 

And in the Secmd Qmcbotd^ we hare CU— N U=s-^ — 

a 



p X- — = C N. Whenee, potting , the S^^miordinate Q N =: z, 



we have C Q 4.QN «=CN , or b— a +z'=a^Kb— a\ or 

00""*aa ' • 

s« =s ^7^ xb— • the EqoalbD of the Cunre. G7»^^. %%, 




Of the Logarithmic Curve. 

irPPOSE a Right*Une AZ be divided into any Namber 
of eqoal Pam (a8A = BC=:CD= &c.) and at the Points 

Diviiien, a Series of Perpendiculars are raifed in continued 
Proportion (that is A V :B L = B L ; C M = C M: DN = &cO ; 
the fame continued Proportion between the Perpendiculars, being 
ftill obferved, when eadi of thefc equal Palrts AB, BC, CD, &c, 
is divided into ever fo many other equal Parts; then the Lin6 
drawn through the other Extremities V, L, M, N, ficc. of all 
tfaefe Perpendiculars, iprill conftitute what is called a Logarithmic 
Curve^ whofe AbjctBa A B, AC, A D^ ficc. are the Logarithms 
€£ their rcfpedive Ordinates B L, CM, D N, &c. And AZ &c. 
is aa Aryni|>tote« C$n/e£t. 39. 

S 2 Hence, 



1J2 



The Logarithmic Curve, 



• .» 



Hence, if B L =r x A V; then will CM = r*xAV, DM 
= r * X A V, &c. Whence univerfally (making A V equal to 
Unity) if A C = n X A B, wc fhall have C M = r" x B L. Cpn^^ 
fe6l. 40. 

Therefore this Curve is of the Sort, which wc have called 
Variable j its Varieties being as infinite as the whole Numbera 

by which the Exponent n may be exprefled, 

j rp fuppofing the Letter n to be a FraSion j and a- 

:\ gain in each of thefc the diiftrent Ratios 

between the AbfciiTa and Semiordinatc is alfo 

infinite. ConfeSf. 41. 

If we fuppofe the Curve to be fuch, as has 
A V equal to Unity, and A B, AC, AD, 
&c. exprcfling the Logarithm of every Num- 
ber below Unity, beginning from A=o for 
the Logarithm of Unity ; then draw VS parallel 
to AZ for the AxiiB of the convex Curve VL. 
M N O, producing any of the foregoing Or- 
dinates to the Axis (for Example C M to P) 
and put PM=frj whence CM=i— s^ 
whofe known natural Logarithm is — s — 4^ s* 

S* -g^ s^ — &c. = 

therefore of V P is — s 




AC = 

ss^ 



VP = 



s«s* 



The Ultimator 



s*s* 



$« 8* 



&c. = 



ConftB. 42* 



Under which Suppofition, if it be required to draw a Tan- 
gent through th? Point M, wc have this Proportion (Scd VIIL) 
iis the Ultimator s^ of the Semiordinate MP is to the Ultimator 

of the Abfcifl^ V P,, fo is the Semiordinate 6= M P to the 



Subtangent 



= TP. But firom the fu»ilar Triangles PMT 



and CMK, we haw MP : TP =C M : CK„ or s- 

1 — ^b 

I — s : I = the oppofite Subtangent C K. Therefore C K in this 
Curve muil be an invariable Quantity. ConJeSf. 43. 

2 Next 



i 
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Next draw the Normal M R perpendicular to the Tangent 



"^^2 



TMK. Then CK -f CM or 2 — 2 s -}-ss = MK 5 whence 



M K =s 2— 2s-|.s$\ And CK:MK = MP :MR, or i: 



^ 1 1 



2 — ^2S-j-ss*=:s :sx2 — as+ss* = the Normal MR. ConfeSi./^/^. 

Therefore for finding the Length of the Arch V L M, as ia 
all other Curves, fay. As the Semiordinate M P = s is to tlie 



s^ 



Normal MR = ?x2 — 2s-|-ss*, fo is the Ultimator of the 



Abfcifla V P to the Ultimator s'^g-^^s+ss^ ^^ ^j^^ ^^j^ yLjvi. 



Then putting cc=:2, the Ultimator of the faid. Arch may be exprcf- 
^ I , 2SS » 

s^xcc— ZS+— - 

CC 2 

fed by — ^ — — = c s** multiplying the Series — -|- 

■J* C C ■■■■* o • CC 

Subjca k c nmkiplying. Ae Serie* 8+ ~-+|p+ip-+|i^. 
Arch VLM. Quifea. 4$, 



To find the Area VLMPV, for the Ultimator s-y" (Sc^. 

IX. Thea 52*) wc have sx— — =8 s' + s* s" +s» s* +8* s** 

.4- s* s* + &c. whofe Subjc«a | s* -|- f s' + ^s* + f s* + i s* 
•j- &;c. is equat to the faid Area. Confeif. 46. 

. Whence, the Learner may perceive how to proceed with this 
Curve, as" with the Hyperbola and Ciffoid in the Jafl Sedtion ;. 
obfcrving that A V is a fixed Quantity. 

Of 
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Of Spirals in general. 



LE T the Surface of the Paper here be confidered as a Plaae 
of an indefinite Extent, upon which C is aflumed a$ a fixed 
Center^ and around that indefinite the Radius C T is conceived to 




be continually moved in the 
tion firom A to B, D, E, N, A, B, 
D, &c. with a Velocity conilantly 
the fame ; fuppofing that at the fame 
Time, when CT begins that Mo- 
tion, a moveable Point V coincident 
at firfl with the Center, C begins to 
|>roceed with another different uni^ 
iform Veloci^ along the fame move- 
able Radius CT, in fuch Sort, that 
when C T coincides with C B, the 
Point V is in F, when CT coincides 
with CD, the Point V is in G, .when 
CT coincides with CE, the Point 
V is in Hi and fo on till V pafles 
through M, O, A, I, K, &c. Then 
the Curve C F G H M O A I K &c 
which \% thus formed, is called at 
Spiral. To which every Circle de- 
fcribed upon the faaQbe«<laiie on the 
Center C may be faid to be Termi^ 
nant^ with this Diflindtion ; that every 
fuch Circle, as A B D £ A here 
(which pafTes through the Point V, 
when the moveable or generadng Ra- 
dius C T has come to its firfl Po- 
fition^ or made an entire Revolution) 
is called Cmterminant^ and every other terminant Cirde, Difter^ 
mnanu And with iciped: to the Number of entire Revolutions 

thus 
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riias made by the generating Radius^ the whole Spiral is faid 
\b be Firjt^ Second^ Third. &c. 

In all Spirals therefore, if we put c always for the Number 
of the Revolutions, and r = the Radius of any conterminant Cir- 
cle, whofe Circumference is q, we fhall have c q equal to the 
Circumference of every other conterminant Circle. Whence, if 
r be the Radius which bounds the firft Spiral, as A C here ; the 
Circumference of the firft Conterminant will be c q = q, of the 
fccond c q = 2 q^ of the third c q = 3 q, &c. And . the whoW - 
Spiral included, will be the Firji^ Secondy TbirJy &c, according- 
Jy. And in every DiAerminant Circle, the Letter c muft be a • 
mixed Number or Fradlion. Theorem IV. 

If we put AC=;:r, the common Radius of any terminant Circle with^ 

its included Spiral, and NA=u an Arch of that Circle bounded by 

the Radius hf C = r, whofe correfpondent Spiral Radius is MC=:y, 

and s =. the Right Sine of tJiat Arch : Then becaufe r : s = y : 

8y sy 

~, we haye M P = — for the Cwrefpondent Ordinate of the 



Spiral; and for the fame Reafbn yxrr — ss*=:CP. But from 
the Menfuratioa of the Arch of a Circle, we have s = u — 

— H ~ i ^^^ r + &c. Therefore MP=r 

2x3r 2x3x4x5 r* 2x3x4x5xOx7r* 

— scv multipiyiog the Scries - — ; H ? — ^ 

r "^ '^•^ ^ r 2x3r* • ' 2x3x4X5r* 

. — :+&c. Theorem V. 
2x3x4X5xox7r' 

In every tertninant Spiral therefore, when u i& equal to £ A 

thc-Qpadrant f^j of the Circle, then the Ordinate -^ and the 

Spiral Radius H C = y are the iame,^ becaufe in that Cafe s=:r. 
And when the Circle and Spiral are contei'minant we havi^ al- 
Wa3rs four fuch • viz. jirfi A OM H> whofe greatcft Spiral Radius 
is A C and leaft H C ; fecondly^ H O whofe greateft Spiral Ra- 
dius is HC and leaft CG; thirdly ^ GF, whofe greatcft Spiral 
Radius is C G and leaft C F ; fourthly^ F C, whofe greateft Spiral 
Radius is^ C F and the leaft is equal to nothing io the firft Spiral,. 

or 
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or to the greateft Radius of the firft Spiral in the fccond, of the 
fecond in the third, of the third in the fourth, &c. Theo- 
rem VL 

Imagine the two Radii N C and Q C to be infinitely near 
one another, and through the Point M where the former cuts 
the Spiral defcribe the circular Arch M L parallel to the termi- 
nate Circle, which makes the Triangle M L O right angled at L ; 
whence we have NQ=u° and OL=y% and NC:MC=:NQ^:ML, 

or r : y ?= u^ : — = M L. Confequently, by the common Prin- 

ciples of Geometry, the Area of the Triangle M O C is equal to 

iOCxML»2Z!L the Ultimator of the Spiral Space MCAOM, 

Theorem VIL 

Suppofc R M a Tangent to the . Point M in the Curve, whofe 
Subtangent R C is perpendicular to the Spiral Radius M C = y 
in the Center C. Tnen putting R C == d, and R M = p, 

we have RM s= RC -j'^^* ^^ p=dd4-yy\ Theorem 
VIII. 

Hence the two Triangles R C M and M L O are fimilar. For 
under this Suppofition, the Gurvilineal Particle MO muft coin- 
cide with the Tangent RM produced, and the circular Arch 
M L muft be parallel to the Subtangent R C. Confequently, 

OL:ML=MC:RC, or y« : ^ = y : 51Z^ = RC=a 

d the Subtangent Theorem IX. 

Hence laftly, RC:RM = ML:MO, ord:p = 

ll. : EZ!^ the Ultiihator of the Spiral Arch M O A, Theo- 

r dr ^ ' 

rem X. 

This laft Theorem is the fame with what is commonly ufed 
for determining the Lengths of all' Spiral Lines ; but fcarce any 
.Dependence is to be placed upon it : For all the particular Ex- 
amples, which I have fccn drawn from it, feem only as fo many 

Inftances 
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Inftances of the exceeding Vanity of fome Perfons, who appear re- 
solved always to fet down fomething^ rather than once appear 
ignorant in any Thing. Of whicli fee more in the Condufion. 



^^mmmm 



XIL 
Of the DireSf Spiral. 

XH E Direff Spiral, or (as it is otheiieife called from its 
great Inventor ArchimedeO the Archimedean Soiral, is, 
m its Defcription the Point V moves always tne fame 
Part of the Radius ACssr^ which the Point A does of the 
whole Revolution cq. That is (putting a — cq--u, whence a^=3 
•^*u^) y i r =s a : c q. Confequendy in this Spiral we have yss 

— 35S r — — , a= --^, and u = c q -— --*i., ConfeSf. 47. 
cq cq r 1 ,. y t/ 



Hence in the firft Spiral (cs=si)^ when u=i<l» we have HC 
-s y =sr — — =|r; when u = 7 q, we have G C = y = | 
qj when u = ^- q, we have CF = y= |q. Confe^. 48, 

Then for the Spiral Area MCAM (Theo. 7.) for ?^ or 

Si' (a* = S3Z! ) we have ^^Ol its Ultimator, whofc Subjed 
2r > r >/ arr •' 

-^ gives the Complement of the Area MCAM. Confequcntly^ 

cor 
when 7 is the fame with r, the Whole is equal to •-*• x. 'j . 

Other wife, fince y y ss r * x— ^^--^ ■ ^for ^^ we have ru' 

^ ^ ccqq 2r 

c*q* — 2cqu4-uu ,.., - c i.- o. . ^^^ 1 ^^^ 

x~3 2_! — : Whofe Subjc^ft \ ru— t-r gives 

2Ccqq ^ 2cq ' 6ccqq ^ 

the Area MCAM itfelf. Which when u equals q (as it can 

never be equal to more for the Area within the fame Circle) gives 

T rq 



M 



!9xl^^^' fcr tlM Area of the whole Spiral Satwe AMIIG 
.'tCAw -^ that ,tBe< firib Spifd-i^ea k'i^-<thl i&onj ^ x 
-Z.. the third ?9x^; tJic fourth fflii^,l|ic fif^ 3x^-'. &c. 

12* 2 27 2 48 2 75 

Where r and q. are alWaya the Raidius and Circumference of the 
gr^teft Ckcle.. Confer. 49, 

Again, becauie v^iMb — ss — — , a* = -31 , and u^ sss — ^ 

^i therefore (Thco. o.) for ^ op Hi* wchave- or ^-^ZT 
s d = the Subtangent R C. Confer. 504 



Whence, the Subtangent at the Point A (when a ss c q;^ and^ 
J ssr r) will- always equal c q^ And (Confed:. 48.) if c =; i»;> 
the Subtangent at H (HCss^y sss f r, asf) is-sVq; the Sub^ 
tangent at G (G C s=s y = i r,. a = i) is } q ; the Subtangent 
atP (FCsnyssir^aa^^) is iV q^ Confia. 51.. 

Laftly,. in the firft* Spiral,, when e ss i,. we have KC=i&> 
(Conicd. 50.) ss 32ZZ231iJl2?,, and y sas r x 3lll? whence (Th*^ 

8») R M =g p r-° ■ xrr-j-qq^-^'gqtt-i^utt*^* Therefore ^heo. ro.)' 
for ^ — we have — xrr-j-qq — 2qu+uu* or (putting ii=r*4- 

q 

u® — 1 u? rr • r* 

q*^) — XI— aqu-^uu* s=— — u tf -t* — u.*u*4f-— u' u* -f* 

4q'^r-— r^ . 4q>r-— 3r^ 8q^r>~i2q*r^+r^ 

8q ^ 8 loq 

4* &c. Whdfe Subjieft therefore^ when u^ becomes equal to q,. 

wiU be >-irq'+ir'q>+ir*q*+ ^"^'40""'" ^'"^ '^'^' 4^' ^* 
4- !3!ll=^i!l!±£! q* -f <^tf. for the Length of the whole 
firft Spiral. CIm/«^. 52* 

Otfaerwife 



opUjU«^ 
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«i*riki 



Ucaufe RW ss |l C +MC,or-r- 



i«>iHii. <^ 



f< 



ra 



pya« 



and y = <- } cNrefoie la the firft Spiral fTheo. xa) for ^ #e 



a' 



have — xa*4-rr% or (by making r=i) — xaa-f-i* : 
a* a* . a* 5a* , ya* 21a"* 



a a 



T+r 



-A 



77-+&c.But 



2qa 8qa' ' i6qa* i2 8qa' ' 25^qa« I024qa 

a* 

the Subjcdl of the fccond Term (Sed:. VII. Theo. 20, 24.) is o. 



r 



2qa 



aa 



therefore the Subjcdk of the whole Series becomes — + ♦ + 



7+ 



i 



.8aa» ' I 



21 



t o 



&c. And» 



a' 



i6qa* 64qa* "^ 768qa^ 2048qa' ' io24oqa 

if for a we put its Complement to the Circle, whence --^be^ 

la* a** iaa*a' 

comes — X c= — multiplying the Series -+— .+ — + -i 

2q q-— a 2q , rjo q ' q' "^ q* ' q* 

+ ~ + &c. we have the Subjea^.+ ;~ '+&. + ^ + 
a* 



loq; 



6q* ' 8q 
4- &c. to be added to the former. So that, according to 



dus» when a equals q, wc have t q + " 



6q» 64q*^^768q' 



;H- 



21 



2 



&c. added to — times the Scries i-f> 

2q 



2048 q» ' 102400"' 

f 4- i 4- f + ^C' for ^^ Length 
ther falle or true, , I leave to thofe, who are at Leifufe to try. 
However all the Methods I have elfewhere feen fi)r 4^rmining 
the fame I am furc are falfe. 
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Of 



14© t)f the Reciprocal B^vn^t:, 
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XIIL 
Of the Reciprocal SpIraL 

IF m the Defcription of the Spiral, the fpiral Radius MC=y. 
has always the fatne Proportion to its correfponding conterminanjT' 
circular Radius NC=r, whidi the whole Revolution cq to-A. has to 
cq4^NA or cq-f^a ; then ia the Spiral faid.to be "Reciprocal,. 

cqr r— y ^ cqru" 

Hence we have y = ^TT^, u=scqx«---, y? = — , , aixl. 

" • ' *^<!+" 

yyu^ c*q*ru^ ru^ 
Therefore, for 7— (Theo. 7.) we have — . ' = ^ multl- 

2xcq-|-u ^ 

2U ^U* 4.U' cu* 6u* 

glyingthc Scries i---+=rr— zr7+3T~ ITT +&c.. the Sub- ^ 

^ cq cq cq cq 

^ ni IL' u* u' 

Jcft of which is — multiplying the Siitics r— — -f- — ; --^— y -^ 

" c q c q 

M^ Mf cq 

— : — . — : + &c- But the laft Series is? equal to y- . Therc- 

cq. cq^ ^^ 

fore every fuch fpiral Area MACM^is equal to — x ^ - .. When 

therefore u is the fame withq, as it can never be more tor the included 

Area ; die whole conterminant Spiral Area AOMHCFCA-, , whatever 

1x1 c 
c Be, is equal to — x-jj-- That is^ the firff fpiral Space is |, the 

fecoad f , the third {•, &^«.the Area of its contermioanlf Circle. Cof?/. 54^ 

Here alfo for ^^ (Thco, 9 J wc have always cq=d=RC the 

&btangent. ConJe£t. 55- 

' Laftfy, 



f 
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Lailly, for the Length of the fpiral Arch, in the firft Spiral, in- 



rz 



ftead of—-- ('Theo. 10.) wc. have ■ . xq+u +r r , or (put- 

q+u 

tfng q-f»u=:a, and r=i)^ xaa-j- i* — q multiplying the Scries 



aa 
a*'-', a^ a^ , a° ca° , 7a° 2 ra^ , c « 

a' z^> 8a* * i6a' 128a'' 256a'' 1024a*' ' 

for its Ultimator, whofe Subiedt is o ^H — ^-r ^ + 

•^ 4a* ' 32a* 90a* ' 

^-^ P—- A 23: &c, falfc. The Le:mer thcrc- 

896a' 2560a'** * 4096a** • 

fore may try the Ultimator under u . at his Lcifurc. If he proceed 

with y, the Ultimator is ^ xqq+yy* =^^+ - — ^^r-T+ -4^ 
^ y; ^^ " -^-^ 7' 2q b(j^ ' i6q.* 

I2bq7 ' 256q* ^ ' 4q 32q* * 

-7—, ^'^ 1 -' — &c. agjun falfe. Nor can 1 fee how 

96q*' I024q7 ' 2 56oq« ^^ 

they mend, the Matter, who (contrary to all their own Rules of 

Fluxions do here make <\Xo be Siibjeft of ~ . For ilill it is only 

what is above qi which muft determine the Length of the fpiral 
Arch correfpondcnt to the circular Arch u : Unlefs we can be fo 
abfurd. aa to imagine that every fmalleft fpiral Arch is greater than 
the Circumference q of the whole conterniinant Circle*. 



«* 



xiv:. 

Of the. Parabolic,, ®Pc. Spirals. 



w 



plcmcntal Spiral" Radius N M = r — y are always to each other 
as the Abfcifla and Semtordinate of a common I?arabola, whofc 

Parameter is b; that iSj when we always have bu=:r — y , 
then the Spiral i& faid to be Parabolic. Qmfe^. 56. 

I Whence, 



^^% *'^ '^^ jPimfJoilSr Spiral/ . 

^ Whence, be^ufc y =a r— bu% «nd u*5g -i^ — l^^^JLL . ihaa^ 



.J 



fore (Thc«(, 7 J for i^— we have -!• f u* — b'^u* <i" 4» — u u* 
tH niT^'^'^y / ;■ of which the fomid: Subjeft ^ r « ^-* f 1»^ 



u* H u' ffives the Area MCAM'and theyttei<iR-H 4--^ 

4r ' . • 3b ' 4br 

the negative Value of the Area M H G F C M. OtifeA,- 57. 






rr 



If therefore we put r- = q the Qrcumferehce of the cohter^ 

rr ' T 

tninant Circle, whofe Radius is r, whence b=:~ and b^ r=i— *• 

tbrat when u becomes equal to q, and confequently y equal to 

L L b 
r, from the former we have. 4 rq— f b*q* -| qq,andfrom 

r ' r ' ro 

the latter -r r, each equal to -* x i or to ^ Part of the 

30 40 * 2 

conterminant Citcle for the whole Spiral Area. ConfeSt. 58. 

The Method of drawing a Tangent to this Curve, as a Curve 
of contrary Flexion has been already ihewn in the eighth Section. 

And the fame may be done from the Hiperbola, Ciilbid, Con-i* 
choid, or any other Aufugient Curve, ad injmitum. 



* ■■ ' ^^m^mrmmm^mmammmm^mmt^mmmmmltt 



XV. 

Of the Logarithmic Spiral. 

WIJEN:thc Spiral is fo generated, that every fpird Ra- 
dius C F, C G, C H, at ccmal Angles from each other, 
arc alvTays; in dired' Proportion {If. C F : C G = C G : C H) ; 
pr which is the fame, when every fpir^ Radius MC^=:y haft 
its refpe£tive Arch ABDENssa for its refpedive Lpgarithm ; then is 

Aich Spiral faid to ]fe , Logarifbmk. C^tfe^^ 59^ 
' ' ' I In 



^ 



'^^«^ 
t 




In th}a Cufve pax q equal to-4hc Circumference .of ^hc Circlft; 
whofc Radius is Ae-rt-j thtn^ bcCSaufc Mdif,tM'AC=siRy 
arc in condHu^ Proportion, make r=y" (the, Expone^t^ j>^ frot^" 

dip^torq of LogafitHms ^leiog InfinitA^ j whence q=: -^^ Bat it 

hasvbeei!i (hv^ (Sea. VII. Thco. 26 J that the UUipiatOfir of 
the L9garithnis of all Powers of th^ fame Number^ 
as y* anid..y% are^ to* pnlranofi^et as the Exponents of thoie 
Powers, or as i to n» Since therefore in this Cafe a^ is the Ul- 
timatat of ^ the t,ogarithm of y, we have i : n = a** ;:n a** the 
UitimAtor of the Logarithm of y" or r 3 which (becaufe it is heto 

ifae Logarithm of^q or 33l rf^c Circimiierence of the contcrmi- 

iiant Circle) gives nassr^L.. Whence^ a = SiT^ and a^ssrii^sr^ 

r UP' r.- 

yn-Tiy^, But n is iafinite, and confequently as fuch can bear 

ho Proportion to any finite Quantity, therefore by fubftituting r for 

ka equal y' we hare a^'risu^ss^, Confe&.bo^ 

Wficnce, for 2^ (Thco. 7.) we have SL whofe Subjeft 2^1 

2r ' ' ar 4^ 

equals the ipkal Area.. So that when y eqaals r die whole Area 

18^,, or half the Area of the contenninant Circle. 
SmfeS^. 6 p. 

Alfoi for 21H: (Theo. 9.) we have S — R e =r d the Sub- 
tangent to the Pbint M, Corrfe^, 62. 

And, if it xnig^ ba dq>ended upon for 221L (Theo- lo.) we 

* » y* 1 y 

have qq-f-rr^xy„ whofc Sulked qq4-rr*x^ ia the Length of 

the fpiral Arch MHGFC. ^ Confequently, when y equals r^ the 

-— — — L 
liength of the Whole is qq-lt-rr\. Which, iince it is more 

than qthe Circum&rence of the conterminant Circle, can only be «n- 

derftood of an infimte Circmnvolution about the center C. CcnfeSt.t^. 
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144' ^^ Condufion. 
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7l>e Condufioiu 



AND Aus I cxmccivc I have given a fufCcicnt Number of 
Examples to prepare the Learner for his farther Ptogrefs in 
this Branch of Learning ; which, as it is wholly converfant about 
Qiiantity, muft be as infinite as Quantity is in itielf. 

But let it be obferved once for all, that the Direct Method of 
Ultlmators is that only, which, ftrifliy fpeaking, can be always ad- 
mitted as Demonftrative. And the Inverfe Method can hardly be 
allowed, as fuch, any further in the Dodrine of Curves than what 
relates to Vertical Curves alone, as founded upon the firft fix Sections. 

To (hew the Imperfcdtion of the Inverfe Method (bcfide what ap- 
pears above in the Ratification of fpiral Arches^ I need only inilance 
in the 54/i& Confedtary, where the Area of the Reciprocal Spiral is 

ro c 
found equal to ~^*-;t"« ^ this had been fought by y inflead of 

u : dicn (becaufe u°= ^SjJ\ for ?^ we fhou'd have had ^^ ; 
, ^ yy / ar 2 ' 

mnd confcquently -3 x c mufl have been for the Area of the Whole ; 

a Thing impoflible in itfelf, as making in the firfl Spiral, the Area 
equal to that of the contersunant Circle ^ a Part equal to the Whole. 

When all therefore is.done, notwithfl:anding every Pretenfion to 
the contrary, the dcmonftrative Mcnfuration at leaft of fpiral Lines and 
Surfaces muft (till be left among the Number of Mathemati$:al 
Difidfrata. ^ 
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